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<D . Abstract 

■ 

We describe a 2-connection in the configuration space of n indistinguishable particles in the complex plane 
which categorifies the sl(2, C)-Kruzhnik-Zamolodchikov connection obtained from the adjoint representa- 
C^l 1 tion of sl(2, C). This will be done by considering the adjoint categorical representation of the string Lie 

2-algebra and the notion of an infinitesimal 2-^-matrix with respect to a categorical representation of a 

(N. 

differential crossed module, in a chain complex of vector spaces. 
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1 Introduction 

X: 

Let I = [0,1]. Recall that a braid |[T6l[T7ll36l l4l with n-strands is, by definition, a neat embedding B of the 
manifold l_l^_ Z into the 3-cube I 3 such that the projection on the third variable (which unusually we take to 
be the horizontal one) is monotone. Moreover, we suppose that B n ([0, l] 2 x {±1 j) = [1, . . . ,n\ X {0} X {±1). 
Two braids B and B' are said to be isotopic (or equivalent) if there exists a level preserving isotopy of J 3 
(with respect to the third variable), relative to the boundary of I 3 , sending B to £>'. Isotopy classes of braids 
with n-strands form a group, the Artin braid group S n , where two braids B and B' are multiplied, defining 
BB' , by putting B' on the right hand side of B. 

Isotopy classes of braids are, canonically, in one-to-one correspondence with elements of the fundamental 
group of the manifold C(n) / S n , the configuration space of n indistinguishable particles in the complex plane. 
In fact £„ = n\(C(n)/S n ), as groups. Here: 

C(n) = {(zi, . . . ,z n ) e C n : i * j => z,± z,} 

is the configuration space of n distinguishable particles in the complex plane, with the obvious (properly 
discontinuous) action of the symmetric group S„ by diffeomorphisms. 
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Consider a vector bundle, with typical fibre V, over the configuration space C(n)/S n , with a connection. 
If the connection is flat, then the holonomy of it (which in this case is invariant under homotopy) will yield a 

homomorphism £ n = m(C(n)/S„) —* GL(V), where GL(V) is the Lie group of invertible linear maps V — > V. 
An example of this is given by the well known Knizhnik-Zamolodchikov connection ll38l[T4ll39ll36l . Let us 
explain its construction. Choose a Lie algebra g and a symmetric tensor r = ® y, e g g such that the 
following relation, called the 4-term relation, is satisfied: 

[rn + ru, r 2 3] = 0. (1) 
Explicitly |[T| means that in g g g we have: 

^ Xi [y„ Xj] ® yj + Xi Xj [y t/ yj] = 0. 

hi 

Such element r e g ® g will be called an infinitesimal Yang-Baxter operator (or infinitesimal 'R-matrix) in g. 

Let p: g — > gl(V) be a Lie algebra representation of g in the vector space V. Here Ql(V) is the Lie-algebra 
of linear maps V — » V, with the usual commutator [/, g] = fg — gf. Denote the tensor product V . . . V 
of V with itself n times as V® n . Consider the trivial vector bundle C(n) x V®". Given 1 < a < b < n define a 
linear map (p P ab (r) : V®" — > V®" (called insertion map) as: 

(p p ab (r)(vi . . . v a . . . vt ® . . . ® u„) = ^ Pi ® . . . (2) a:; > P g ® . . . (8 yj > v\, ® . . . (8) v n , (2) 

i 

where p(X)(v) = X > v, for v e V and X e g. We therefore inserted (p ® p)(r) in the positions a and of V® n . 

The Knizhnik-Zamolodchikov connection is given by the following gl( V®")-valued 1-form in the config- 
uration space C(n): 

A = ^i L 0) 

\<a<b<n 

where 

tfZfj — dz]) 

<x>ab = . 

z« - Z b 

This connection appeared originally in the context of conformal field theory l38l , and while calculat- 
ing Chern-Simons path integrals [49); see also the reference lllTl . It follows easily that the Knizhnik- 
Zamolodchikov connection is flat by using the 4-term relation (TTJl; see for example [14, 36l l40ll . 

We have obvious left actions of S„ on C(n) and on V®". Clearly the product action of S„ on C(n) X V®' 1 
is an action by vector bundle maps, so we can consider the quotient vector bundle (C(n) X V® n )/S n , over 
the configuration space C(n)/S„; see [40]. Since the Knizhnik-Zamolodchikov connection is invariant under 
this action, we have a quotient Knizhnik-Zamolodchikov connection, also called A, in the vector bundle 
(C(n) x V®")/S„. 

There is a standard way to find tensors r e Q Q satisfying the 4-term relation: consider a g-invariant 
non-degenerate symmetric bilinear form (, ) in g. Let {xj} be a basis of g. Let \y l ) be the dual basis of g*, 
identified with g by using the bilinear form (, ). Then r = x, yi is symmetric and g-invariant, namely: 

[A(X), a] = for each X e g, in <Z/(g) 1/(g) ; (4) 

where *W(g) is the universal enveloping algebra of g, with the usual co-product A : U(q) —> U(q)0U(q). From 
(|4j we can easily see [14. 22, 36 j that r satisfies the 4-term relations (d), thus r is an infinitesimal Yang-Baxter 
operator in g. Relation (|4j is not implied by the 4-term relations Q). A symmetric g-invariant tensor r e g g 
will be called an infinitesimal braiding [36] in g. 

Given a semisimple Lie algebra g, let r be the infinitesimal 'R-matrix coming from the Cartan-Killing 
form in g, a g-invariant, symmetric, non-degenerate, bilinear form. In the particular case of sl(2, C) = 5I2, 
with the standard generators [e-\,eo,e\), satisfying the commutation relations: 

[e ,e-i] = -e-i, [e-\,e\\ = 2e , [eo,ei]=ei, 
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the associated infinitesimal 7?-matrix has the form: 



r = 2 e_i ® e\ +2e\ ®e-\ - 4 eg <8> eg . 



(5) 



Given a finite dimensional representation p of g, the representation of the braid group constructed via the 
holonomy of the Knizhnik-Zamolodchikov connection defined from r and p, see ©, is equivalent to the 
representation of the braid group coming from the 7?-matrix of the quantum group LT;,(g), considering the 
representation p/, of U/,(g) which quantizes p. This beautiful result is due to Kohno |40ll ; see also (36ll24l . 

The holonomy of the Knizhnik-Zamolodchikov connection does not immediately yield invariants of 
links in S 3 , given that the forms Co a b explode at maximal and minimal points. However, there exist well 
defined regularisation methods for the holonomy at the extreme points, albeit forcing us to introduce knot 
framings. For this see [2 , 42 1, in the identical case of the Kontsevich integral, also defined from the holonomy 
of a universal Knizhnik-Zamolodchikov connection. This construction gives knot invariants which coincide 
with the usual quantum group knot invariants; see [36. 25l. 

This paper, which is a sequel of Il23l and solves one of its main open problems, has the objective of 
addressing how to extend this holonomy approach for defining invariants of braids to the case of braided 

s 

surfaces. A (simple) braided surface B — > B' [21] (which is called a braid cobordism in J37|), connecting the 
braids B and £>', both being embedded 1-manifolds in I 3 = [0, l] 3 , and not considered to be up to isotopy, 
is a 2-manifold with corners S, neatly embedded in I 4 = I 3 X J, defining an embedded cobordism between 
B and B' . One also requires that the projection of § onto jO, 0} X I 2 is a simple branched cover with a finite 
number of branch points, and moreover that the restriction of S to I 2 X {+1} X I does not depend on the last 

variable. Two braided surfaces B — 1 -> B' and B -A B' are said to be equivalent if they are isotopic, relative to 
the boundary of / 4 . There exists a (non-strict) monoidal category whose objects are the braids with n-strands 
(not considered to be up to isotopy), the morphisms B — » B' are the braided surfaces S connecting the braids 

S S 

B and B', up to isotopy, with the obvious vertical composition, and the tensor product (Bj — ^> B^)® (B2 — -» B' 2 ) 
is given by the obvious horizontal juxtaposition B1B2 Sl§2 > B^B^. 

A braided surface B — > B', without branch points, defines a map §' : I 2 — > C(n)/S n , |2T1 1.6], restricting 
to B: / — > <C(n)/S„ and to B' : I — » C(n)/S„ on the top and bottom of I 2 , with S' being constant on the left 
and right sides of I 2 . If S has branch points, then S' is defined on I 2 minus the set of branch points of the 
projection of S onto jO, 0| X I 2 . In each branch point S' has a very particular type of singularities; see 1231 . 

Let M be a smooth manifold. The theory of Lie 2-group 2-connections over M was initiated in 118 51IT21 
[131 ; see also the excellent review (9)- Their (in general non-abelian) two-dimensional (surface) holonomy 
was addressed in (I2l[l3l[l6l[13; see also EH HUD- We will always see a strict Lie 2-group lT0ll20l[T5l 
as being represented by its associated Lie crossed module (/S : H — > G, >), where G and H are Lie groups 
and > is a smooth left action of G on H by automorphisms, satisfying the well known Peiffer relations, 
EDI . Analogously, we will always consider, instead of a strict Lie 2-algebra (7j 6], its associated differential 
crossed module © = (jS : I) — > g, >), where g and f) are Lie algebras and > is a left action of g on t) by derivations. 
These are to satisfy the following natural compatibility conditions, called Peiffer relations: 



Let us briefly explain the (local) differential geometry of 2-connections and their two-dimensional holon- 
omy, in the particular case when the underlying Lie 2-group is obtained from a chain complex of vector 
spaces V; O [TUJ [35j |3lJ |28j |23|. We will provide full definitions and detailed calculations in this paper. 
We will not make use of the general theory of 2-vector bundles, since everything we use can be presented 
locally, and the natural global setting for the examples we present fits nicely inside the theory of vector 
bundles whose typical fibre is a chain-complex of vector spaces (differential graded vector bundles [1]). 

Let V be a chain complex of vector spaces. Let Aut(V) be the 2-category, with a single object, whose 
1-morphisms are the (degree 0) chain-maps /: V — > V, with composition (in the reverse order) as hori- 
zontal composition. Given chain maps /, /' : V — > V, the 2-morphisms / ==> /' in Aut( V) are given by 
(equivalence classes of) the usual chain complex homotopies (degree 1-maps s : V — > V), connecting / and 



d(u) > v = [u, v] and d(X > v) - [X, d(v)] , 



Vw^etLVXeg. 



(6) 
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/', with sum as vertical composition. The whiskerings of homotopies with chain maps are given by the 
obvious compositions of (degree and degree 1) maps V — > V, rendering two distinct possible horizontal 
compositions of homotopies. In order that these coincide, so that the interchange law for 2-categories hold, 
we must consider homotopies s : V — > V up to 2-fold homotopy. 

From the chain complex of vector spaces V we also derive a differential crossed module: 

gl(V) = (/3:gl 1 (V)^gl°(V),>), 

where gl°(V) is the Lie algebra of (degree 0) chain-maps, with the usual commutator defining the Lie algebra 
structure, and the underlying vector space of gl 1 (V) is the vector space of degree 1 maps V — > V (homotopies) 
up to 2-fold homotopy, with a certain natural bracket. Of course /3(s) = sd + ds, for s e gl (V), where d is the 
boundary map in V. 

A local 2-connection (A, B) in the manifold M is given by a gl°( V)-valued 1-f orm A in M and a gl 1 ( V)-valued 
2-form B in M, such that /5(B) = Fa = dA + \A A A, the curvature of A. A local 2-connection can be integrated 
to define a 2-dimensional holonomy *H = {H l ,H 2 ). Explicitly, if y: [0, 1] — > M is a smooth path we have a 
chain map H 1 (y): V — > V; if T: [0, l] 2 — > M is a homotopy y — > y' (relative to the end-points) connecting 
the paths y and y' , called a 2-path, then we have a chain complex homotopy (up to 2-fold homotopy) H 2 (T) 
connecting the chain maps H : (y) and H l (y'). These holonomy maps, particular cases of constructions in 
[TJ [l3j US |31~I , preserve horizontal and vertical compositions of 2-paths, and of course the composition of 
paths. Moreover, if the pair (A,B) is 2-flat, meaning that the 2-curvature 3-tensor C = dB + A A" B vanishes, 
the two dimensional holonomy H 2 (T) depends only on the homotopy class, relative to the boundary, of 
T: [0, l] 2 — > M. 

Therefore, if we construct a 2-flat 2-connection (A, B) in the configuration space C(n)/S n , the holonomy 
of it will define an invariant of braid-cobordisms §, without branch points, by considering the two dimen- 
sional holonomy of the associated maps §' : [0, l] 2 — > C(n)/S n . In particular, this renders a solution of the 
Zamolochikov tetrahedron equation f7), albeit in a weak (i.e. bicategorical) sense. An important open 
problem is whether (for the example given in this article) this two dimensional holonomy is convergent, or 
for the least can be regularised, in the case when the braid cobordisms have branch points, in which case we 
need to compute the holonomy of a map S' : [0, l] 2 \ X — > C(n)/S„, where X is the (finite) set of branch points 
of §, in which S' has a very particular kind of singularities. This would permit us to have a full fledged 
invariant of braid cobordisms. 

Consider a chain complex V and a positive integer n. Consider also a family of chain maps tab : V s "' — > 
V 8 ", where a, b are distinct elements of {1, . . .,n), as well as chain homotopies (up to 2-fold homotopy) X fl /, c 
of V®", where a, b, c are distinct elements of jl, . . . , n\. Here ® denotes the usual tensor product of chain 
complexes. In |23l , we found necessary and sufficient conditions for a local 2-connection (A, B) in C(n) of 
the form: 

A = y, COabtab , B - yj^ GJ/ W A (V„c Kbac + Mab A Wbc K,ibc (7) 

l<a<b<n \<a<b<c<n 

to be flat and also so that its 2-dimensional holonomy descend to the quotient C(n)/S„ (which yields the 
obvious S„-covariance condition); see Theorem [22] below. An efficient way to construct data like this is 
to consider infinitesimal 2-'R-matrices (which we will also call infinitesimal 2- Yang-Baxter operators) in a 
differential crossed module © = Q3: I) — > g, >). These are pairs (r, P), where r e g ® g and P lives in 2™, the 
degree 1 component of the chain complex tensor product (jS : I) — > fl) <E> (/$ : I) — > g) ® (jS : I) — > g), modulo the 
images of the boundary map from the degree-2 component of it. Therefore W- 3 ' naturally maps to g <8> g <8> g, 
through a map />'. Suppose we are given a categorical representation p of © in the chain complex V, in other 
words a differential crossed module map p : © — > gl(V), 1251 . Put, see {2): 

A= a ^¥ ah {r), B= Yj u M hw ac $ p hac {P) + oj ab Aw bc $ p abc {P). (8) 

\<a<b<n \<a<b<c<n 

In order that (A, B) be a flat local 2-connection and that it is moreover S„ covariant, (r, P) should satisfy (prior 
or after applying the categorical representation p) the following set of equations, categorifying the 4-term 



4 



relation iQ}: 



m - r 2 i 

jS'(P) = [ri2 + r 13/ r 2 3] 

ru > {Pin + P 234) + (ru + ^3 + ^4) > P 314 - (fi3 + ^34) > Piu = 
^23 > (P214 + P314) - r u > (P423 + f 123) = 

Pl23 + P 231 + P 312 = 
Pl23 = Pl32 



(9) 



In such case the pair (A, B) will be called a Knizhnik-Zamolodchikov 2-connection. The above condi- 
tions, which we discuss in detail here, define what we call an infinitesimal 2-'7?-matrix, or infinitesimal 
2-Yang-Baxter operator, (r, P) in ©, free or eventually with respect to a categorical representation p of ©, 
see Definitions [24] and [25] Relations 10 where used in |[23l to define the differential crossed module of 
horizontal 2-chord diagrams. In this paper we will construct a non-trivial representation of it by defining 
an infinitesimal 2-Yang-Baxter operator in the string Lie-2-algebra. 

Let © = (d : i) — > g, >) be a differential crossed module. Thus g acts on I) by derivations, and it is easy to 
see, by the crossed modules rules I©, that > descends to a Lie algebra representation of 7ii(©) = coker(<?) on 
7i2(©) — ker(©). Similarly to the group crossed module case, treated in fl9ll44ll , we can in addition derive 
from © a Lie algebra cohomology class, the fc-invariant |26| , fc3(©) e H 3 (7ii(©), 7i 2 (©)). Reciprocally (32114911 , 
any Lie algebra cohomology class co £ 'H 3 (l, a) can be induced from a differential crossed module © with 
7ii(©) = f and 7t2(©) = a, and we say that © geometrically realises co. Two crossed modules have the same 
fc-invariant if, and only if, they are weak equivalent, in the model category of differential crossed modules, 
or, what is the same, if they are equivalent in the larger category of (not-necessarily strict) Lie 2-algebras [7\. 

Let g be a simple Lie algebra, acting in C trivially. The vector space H 3 (g, C) is one dimensional and 
generated by the cocyle «: g A g A g - > C, such that co(X, Y, Z) = ([X, Y], Z), where (, ) denotes the Cartan- 
Killing form. The string Lie 2-algebra is by definition a differential crossed module geometrically realising 
this cohomology class for the case of 5I2; it is therefore defined only up to weak equivalence. 

Explicit realisations of the string Lie 2-algebra appear in [8] and (48]. The realisation appearing in [48| is 
completely algebraic, therefore fitting nicely in the framework of this article. Let us sketch this construction. 
The differential crossed module String associated to the string Lie 2-algebra (the string differential crossed 
module) has the form (<? : Fo — » Fj » a SI2, >), where Fo is the sI 2 -module of formal power series in C, and Fj 
is the sl2-module of formal differential forms in C. Here 5I2 acts on Fo and Fi trough Lie derivatives, via a 
natural inclusion of 5I2 into the Lie algebra of formal vector fields in C. Both Fo and Fj are to be seen as 
being abelian Lie algebras. Finally Fi » a 5I2 denotes a semidirect product, twisted by a certain Lie algebra 
cocycle a: 5I2 A 5I2 — » Fi . The string differential crossed module can be embedded into the exact sequence: 



Here d = (A, 0), where d denotes the formal de Rham differential. 

Despite the fact that Fo is abelian, the differential crossed module associated to the underlying complex 

String = (Fo Fi » a *h) of String ( the relevant one at the level of 2-dimensional holonomy), namely: 



is a differential crossed module of non-abelian Lie algebras. For instance, given two homotopies s,t: Fi x, 

1 d 

5I2 — > Fq, both of which are elements of gl (Fo — > Fj x a 5I2), their commutator is: 



(0] -» C -U F ^ Fj x a sl 2 ^ sl 2 ^ j0}. 



(10) 



gl(F -4 F a x a sl 2 ) = (jS: gl^Fo -4 F a x a sl 2 ) -» gl°(F 4 Fi x a sl 2 ),>) 



(11) 



js, t) = S o d o t - t o d o s, 



which is clearly non-zero in general. 
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Let © = (<? : f) — » g, >) be any differential crossed module. There exists a natural categorical representation 
p = (p 1 , p°) : © — > gl(©) of © in its underlying complex G> = (d: I) — > g), called the adjoint representation of 
©. For the case of Lie crossed modules this appeared in ll50ll . Specifically any element X e g is sent to the 
chain map p° x : © — > ©, with 

\) x g 3 (v, Y)^{X> v, [X, Y]) e t) x g, 
and each element v e f) is sent to the chain homotopy p\ of ©, with: 

In particular a g-invariant element v e I) is always sent to the null homotopy. 

Let us now go back to the string differential crossed module String. Looking at the exact sequence 
dlOt , let us try to find an infinitesimal 2-'R-matrix (f, P) in String, such that (n ® n)(r) = r, where r is the 
infinitesimal 'R-matrix in 5I2; see ©. Let r be the obvious lift of r to (Fi x a SI2) ® (F x x a sl 2 ). Explicitly: 

r = 2 (0, e x ) ® (0, e_ x ) + 2 (0, e_ x ) ® (0, e x ) - 4 (0, e ) ® (0, e ) ■ 

Unlike r, the tensor r does not satisfy the 4-term relations ifl}. However, since r is an infinitesimal ^-matrix, 
the exactness of i flOl implies, since 7i([f X2 + h$ r h3] = \?n + r\3.r^\ = 0, that [f 12 + Tn,?^] is in the image of 
d' : U (3) (F x x a sl 2 )® 3 . Let P be the most obvious lift of [f X2 + fi3, F23] to H (3) . Explicitly: 

1 

77 [n2 + ha, hs] = (0, e-i) ® (0, e ) ® (dx, 0) + (0, e_ x ) ® (dx, 0) ® (0, e ) + 

16 (12) 

- (0, e ) ® (dx, 0) ® (0, e_i) - (0, e ) ® (0, e_ x ) ® (dx, 0) . 

and 

1 

— P = (0, e_i) <8> (0, e ) ® x + (0, e_ x ) ® x ® (0, e ) - (0, e ) ® x ® (0, e_ x ) - (0, e ) ® (0, e_ x ) ® x . (13) 
16 

What is remarkable, and does not appear to follow from homological arguments, is that the pair (r, P) is an 
infinitesimal 2-7?-matrix with respect to the adjoint representation of the string differential crossed module. 
In fact all but the third equation of 10 hold even prior to applying the adjoint representation of the string 
Lie 2-algebra. Therefore (r, P) is nearly a free infinitesimal 2- Yang-Baxter operator in the string differential 
crossed module. 

Since (n ® n)(r) = r, where re sl 2 ® sl 2 is the usual infinitesimal Yang-Baxter operator of sl 2 , given a 
positive integer n, we therefore have a lift of the !i;,(sl 2 ) representation of the braid group in sl|" ! to be an 
invariant of braid cobordisms, without branch points. The non- trivial part of the two dimensional holonomy 
will essentially live in the homology group: 

K" = H x {<HOM ( String ^", String 5 ")). 

Here String = (<?: Fo — » F x x a sl 2 ) is the underlying complex of the string differential crossed module, ® 
denotes the tensor product of chain-complexes, and given chain complexes V and V, < TiOM{"V, V) denotes 
the hom-chain complex. Clearly K 1 is the vector space hom(sl 2 , C) of linear maps sl 2 — > C. Since String is a 
complex of vector spaces with finite dimensional cohomology groups, [24, 10.24], we deduce 

K" D hom(sl 2 , C) ® hom(sI 2 , sl 2 ) ® . . . ® hom(sI 2 , sl 2 ) + cyclic permutations. 

To get a full fledged invariant of braid cobordisms from the holonomy of the Knizhnik-Zamolodchikov 
2-connection derived from (r, P), we need to investigate whether the integrals defining the two-dimensional 
holonomy of a general (possibly with branch points) braid cobordism S converge or not, or for the least find a 
regularisation process. Recall that braid cobordisms S yield in general, rather than a map §' : [0, l] 2 — » C(n), 
a map S' : [0, l] 2 \ jS(S) — > C(n), where /3(S) is the set of branch points of §, which are points where §' has 
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a very particular type of singularities, [23]. We expect to address this very important issue in a future 
publication. Independent of this, we conjecture that a braided monoidal bicategory ITT1I341 can be derived 
from the framework developed in this paper and [23[, by making use of categorified Drinfeld associators, 
through a holonomy construction similar to (36l chapters XIX and XX], [25 1 and (2ll42ll. 

Let g be a Lie algebra. Let re g ® g be a symmetric tensor. As mentioned before, the 4-term relation (]} is 
implied by the much stronger g-invariance condition (4j. In the latter case, the holonomy of the Knizhnik- 
Zamolodchikov connection A of 10 is not only a braid-group representation, but also all holonomy maps 
are g-module intertwiners. For this reason, it is natural to address the categorification of the g-invariance 
condition ((4), in the realm of a differential crossed module © with 7ti(©) = g. This can be accomplished 
by making use of the 2-category of weak categorical representations of the differential crossed module ©, 
their weak intertwiners, and 2-intertwiners connecting them; see |27[ [TBI for the case of crossed modules 
of groups. In such a framework, the pair (r, P) should induce a weak intertwiner (5 ® © — » CS® ©, where © 
is the adjoint representation of © and ® denotes the tensor product of categorical representations, defined 
in (23). If an infinitesimal 2-Yang Baxter operator (r,P) in © satisfies this property, then the 1 -dimensional 
and 2-dimensional holonomies of the associated Knizhnik-Zamolodchikov 2-connection will be weak 1- 
and 2-intertwiners for categorical representations of ©. This framework will be fully developed in a future 
publication. 
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2 Preliminaries 



Note: Given morphisms / : A — > B and g: B — > C, of chain complexes or of vector spaces, their composition 
is written as g o / or as g/. We will often not distinguish a chain-complex of vector spaces from its underlying 
Z-graded vector space. A chain map of chain complexes will always mean a degree chain map. 

2.1 Differential and Lie crossed modules 

A differential crossed module (5 = (jS: f) — > g,»), see (HE), is given by a Lie algebra map jS : t) — > g together 
with a left action > of g on f) by Lie algebra derivations, such that the following conditions (called Peiffer 
relations) hold for each Xeg and each v, w e fy. 

1. p(X>v) = [X,p(v)] 

2. f}(v) > to = [v, w] 

The fact that > is a Lie algebra action of g on I) by derivations means that the map 

gxt)9 (X,v) i-» X>v et) 
is bilinear, and, moreover, that for each X, Y e g and u, v 6 f) : 

1. X > [u, p] = [X > u, v] + [«, X > p] 

2. [X,Y]>m = X>(Y>m)-Y>(X>u) 

A morphism / = (\p: 1) — » f)', (|>: g — » g') between the differential crossed modules © = (|S: t) — » g, >) and 
©' = (jS' : t)' — » g', >') is given by Lie algebras maps I/) : I) — > I)' and <p: g — > g' making the following diagram 
commutative: 




t)' — ^ 9' 
and such that for each v e I) and Xeg we have: 

i/'(X>u) = c/)(X) >' ip(v). 

It is a well known fact that the category of differential crossed modules is equivalent to the category of strict 
Lie 2-algebras and strict maps. For details on this construction see (6ll7l [T0l , and 1201 for the case of crossed 
modules of groups. 

A Lie crossed module Q = (/S : H — > G, >) is given by a Lie group map f> : H — > G and a smooth action of 
G on H by automorphisms, such that the following relations (called Peiffer relations) hold for each g e G 
and h, h' e H: 

1. p{g>h) = p{g)hp(g)- x 

2. p(h)>h' = hh'h~\ 

Morphisms of Lie crossed modules are defined in the obvious way. 

Passing from Lie groups to Lie algebras yields a functor from the category of Lie crossed modules to the 
category of differential crossed modules. Standard Lie theory tells us that any differential crossed module of 
finite dimensional Lie algebras is the differential crossed module associated to a unique (up to isomorphism) 
Lie crossed module of simply connected groups. 
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2.2 Differential crossed modules from chain-complexes of vector spaces 

This will be our most fundamental example of a differential crossed module. Let 

v = L.*>vAvl-A...) 

I UeZ 
be a chain complex of vector spaces. We can define out of it a differential crossed module: 

Let us explain the construction of this l|7l l35ll28ll3Tl . The Lie algebra (g!°(V), { , }) is given by all chain maps 
/ : V — > V with Lie bracket { , ) given by the usual commutator of chain maps: 

If = If, g]=fg~gf> for each /, g e gl°(V). 

Here a chain map f:V — » V is given by a sequence of linear maps /: V; — » Vj satisfying the following 
compatibility condition with the boundary maps: 

fid = df M , VieZ. 

Note that we only consider chain-maps of degree 0. 

The underlying vector space of the Lie algebra (gl (V), { , j) is a quotient of the vector space Hom 1 (V) of 
degree 1 maps (homotopies) s: V — > V. In other words Hom 1 (V) is given by all sequences of linear maps 
s = (s, : Vi — > Vi+i)iez, without any compatibility relation with the boundary maps d. There exists a linear 
map j3: Hom^V) -> g!°(V), where 

|S(s) - ds + sd. 

Two chain maps / and /' are said to be homotopic if there exists a homotopy s such that 

r=f+m 

If two chain maps / and g are homotopic to the null chain map through homotopies s and f, i.e. |3(s) = / 
and jS(f) = g, then their commutator [f,g] is homotopic to zero. In fact: 

\f r g) = [ s d + ds, td + dt ] 

= sdtd + dstd + dsdt - tdsd - dtsd - dtds 

= p(sdt + std - tds - tsd) = fi{sdt + dst - tds - dts) 

This calculation induces two Lie algebra structures in Hom^V), both of them satisfying that the map 
jS: Hom 1 (V) — > gI°(V) is a Lie algebra morphism. These are: 

js, t}i - sdt + std - tds - tsd , 

[s, t) r = sdt + dst - tds - dts . 

The antisymmetry of these bilinear maps is immediate. The Jacobi identity follows from an explicit calcu- 
lation, which we leave to the reader (and recommend the reader to perform). 

There are actions by derivations of gl°(V) on both (Hom 1 (y), (, };) and (Hom 1 (V), {, },) . They both have 
the form: 

f>s=fs-sf, where s e Hom\V) and / 6 g!°(V). 

That this is a Lie algebra representation is straightforward. That the map s H > f > s is always a derivation 
for {, }( and {, } r follows from an explicit calculation, which we urge the reader to perform by him/her-self. 
The fact that / is a chain-map (that is: fd - df) has a primary role here. 
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Lemma 1. For each f e g!°(V) and each s,t e Hom 1 (V) we have: 

1. P(f>s) = {f,ft8)}- 

2. p(t)>s = {t,s)i - tsd + dts 

3. p(t)>s = {t,s} r -std + dst. 

Again the proof is straightforward. Therefore we have almost defined two differential crossed modules 
(jS : Hom^V) — > g!°(V), >), one for each Lie algebra structure {, }; and {, } r in Hom 1 (V), except that the second 
Peiffer identity only holds up to 2-fold homotopy Indeed, let Hom 2 (V) be the space of degree 2 maps V — > V 
and consider the usual map f>: Hom 2 (V) -> Hom^V) with 

j3(«) = da - ad, for each a e Hom 2 (V). (14) 
Notice j3 2 = 0, thus (5: Hom 1 (V) — > g!°(V) descends to a map (also called /3) from the vector space quotient 

|S(Hom 2 (V)) 

into g!°(V). 

Lemma 2. The vector subspace jS(Hom 2 (V)) c Hom^V) is a Lie algebra ideal both for {,}; and {,),-. Moreover 
j8(Hom 2 (V)) is invariant under the action of g!°(V). In particular the Lie brackets {, ); and {, },- both descend to the 
quotient Ql\V) = Hom 1 (V)/j3(Hom 2 (V)), defining the same Lie algebra structure in gl^V) (whose Lie bracket we 
denote by {, }). Finally, the action > descends to an action o/g!°(V) on gI 1 (V) by derivations. 

Proof. We compute, for a 6 Hom 2 (V) and s e Hom 1 (V): 

{{$(a),s\\ = {da - ad,s)i = dads + dasd - adsd = [5(ads + asd) 

and 

{/3(a), sj r = [da - ad, s} r = -dsda + dsad + sdad = f)(sad - sda) , 

which proves the first assertion. The second assertion follows from the calculation (here / 6 gI°(V) and 
a e Hom 2 (V)): 

/ > jS(fl) = [/, da - ad] = fda - fad - daf + adf = f>(fa - af) . 
The only non-trivial instance of third assertion follows from the fact that {s, f )/ = {s, f ),- + j3(-sf + ts) . □ 



Given a chain complex V of vector spaces, we have thus constructed a differential crossed module 

gl(V) = (jS: & l {V)^$t(V),>), 

which will have an essential role in this article. Of course, this construction defines a functor from the 
category of chain-complexes of vector spaces and chain-maps to the category of differential crossed modules. 



2.3 Local 2-connections and their two-dimensional holonomy 

Let M be a manifold. Let also Q - (ft : H — > G, >) be a Lie crossed module. Let © = (j3 : f) — » g, >) be the 
associated differential crossed module. A ©-valued local 2-connection (A, B) in M is given by a 1-form 
A e Q^M; g) and a 2-form B e Q 2 (M; f)) such that fi(B) = F A , where F A =dA + \A A [ ' ] A is the curvature of 
A. Here A A [,] A is twice the antisymmetrization of the tensor X, Y i— > [A(X),A(Y)], for vector fields X and 
YinM. 

A local 2-connection determines a 2-dimensional holonomy H = (H X ,H 2 ) for paths and 2-paths in M. 
Let us explain this construction in the particular (and slightly simpler than the general) case when Q is the 
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Lie crossed module associated to the differential crossed module gl(V) = (/3: gl (V) — > gl (V), >), where V 
is a chain complex of vector spaces, Il28l . We also suppose that V = (V„ <9), e z is such that all but a finite 
number of the Vi are non trivial, and each of these is finite dimensional; in other words we suppose that V 
is a chain-complex of finite type. In this case gl(V) is a differential crossed module of finite dimensional Lie 
algebras. 

2.3.1 The 2-category Aut(V) for a chain complex V 

Define a 2-category Aut(V) with a single object (in other words a monoidal category), whose morphisms 
are the chain maps V — > V. The composition is done in the reverse order: 

(V U V 4 V) = (V ^> V). 

Given two chain maps f,g:V—>V,a 2-morphism / => g is given by a pair (f,s), where s e gl^V) = 
Horn 1 (V)/p (Horn 2 (V)), for which: 

f = g + jS(s) = g + ds + sd. 
The vertical and horizontal composition of 2-morphisms are, respectively: 

/+fls)+p(t) 




/i S" 1 /is 



Here: 

flg2 = flgl + P(flt + Sg 2 ) = flgl + p( Sgl + f 2 t) 

and 

si = fit + sg 2 = sgi + f z t in gl^V). 

Note: 

fit + S£ 2 - (Sgi + f 2 t) = s(g 2 - gi) + (fi - f z )t = Sj S(f) - fi(s)t = std - dst = -j3(sf). 
We leave it to the reader to verify that the interchange law and the remaining 2-category axioms are satisfied. 

2.3.2 The form of a 2-dimensional holonomy 

Parts of this appear in several places, most notably (T2l[T^l4^l47ll29ll30ll3Tll33l . However note that given 
that we are working in the 2-category Aut(V), the formula for the two-dimensional holonomy of a 2-path 
is considerably simpler than in those references, being analogous to the two-dimensional holonomy of a 
representation up to homotopy of a Lie algebroid HJ. 
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Let M be a manifold. A path x A y is a piecewise smooth path y: [0, 1] —> M, where x,y e M are the 
initial and end points of 7. These paths can be concatenated in the obvious way, defining 7172, if the paths 

y\ and 72 are such that the end point of y\ coincides with the initial point of 72- If x — > y and x — > y are 
paths, a 2-path T: yj ==> y 2 is a map T: [0, l] 2 — > M, such that: 

1. T is piecewise smooth for some paving of the square [0, l] 2 by poligons. 

2. T(s, 0) = x and r(s, 1) = y, for each s e [0, 1]. 

3. T(0, t) = yi{t) and T(l, f) = y 2 (t), for each t e [0, 1]. 

Clearly 2-paths can be composed horizontally TP and vertically in the obvious way, as long as they 
coincide in the relevant sides of the square [0, l] 2 . 

Definition 3. Let V be a chain-complex of vector spaces and M be a manifold. An Aut(V)-valued 2-dimensional 
holonomy "K = {H l ,H 2 ) is given by a map H 1 from the set of paths ofM into the set of chain-maps ofV and a map H 2 
from the set of 2-paths ofM into gl^V) such that the following holds: 

1. H l preserves the composition of paths, i.e. H (7172) = H (y\)H (72), given paths x — > y — > z. 

2. (Globularity) Ifx, y e M and x y and x y are paths and y\ =» 72 is a 2-path, then: 

j5(H 2 (T)) + H 1 (y 1 ) = H 1 (y 2 ). 

3. H 2 preserves the horizontal and vertical compositions of 2-paths and ofhomotopies (up to 2-fold homotopies). 

Remark 4. We can define a 2-dimensional holonomy with values in any 2-category in exactly the same fashion. 
We need however an additional bit of data, which is a map H° from M into the set of objects of the 2-category. The 

globularity condition should have an extra condition which is that if x -U y is a path in M then H°(x) — ^» H°(y) 
has to be a 1-morphism in the 2-category. 

Remark 5. Continuing the previous remark, consider a manifold M and a chain complex V of vector spaces. Let us 
define a 2-category Aut(V, M), whose set of objects is M. Given x,y e M, a morphism x — > y is a triple (x, f, y), 

where f:V — > V is a chain-map. The composition (x ( '^' J \ y — ' ^> z) is x ( — ' ^> z. The set of 2-morphisms 

(x - y) => (x ( — ' J \ y) is in one-to-one correspondence with the set of homotopies ( up to 2-fold homotopy) 
f — > /', with the obvious vertical and horizontal compositions. Clearly any Aut(V)-valued two dimensional holonomy 
induces a Aut(V, M)-valued 2-dimensional holonomy, where H° is the identity map. 

Below we will consider 2-dimensional holonomies taking values in a quotient of Aut(M, V). 

Remark 6. A coordinate free, and more general, definition of a 2-dimensional holonomy can be stated in the framework 
of graded vector bundles E, provided with afibrewise chain map D : E — > E, making each fibre into a chain-complex of 
vector spaces, 0. Then the 2-category Aut(V, M) can be substituted by the 2-category whose objects are the points of 
M, the morphisms x — » y being the chain-maps E x — > E y , and the 2-morphisms (f : E x — > E y ) => (f : E x — » E y ) 
being in one-to-one correspondence with chain complex homotopies s ( considered up to 2-fold homotopy) connecting 
f and f. We will not need nor use this generality. 

Remark 7. Considering appropriate thin-homotopy j|43l l29l l30l |3H H2l equivalence relations between paths and 
2-paths, these will form a 2-category, in fact 2-groupoid, ^(M), considering the compositions above. We could define 
a two dimensional holonomy with values in a 2-category C as being a (smooth) 2-functor TiiM) — > C. 
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Theorem 8. Consider a chain complex V of vector spaces, which we suppose to be of finite type, and the differential 
crossed module (of finite dimensional Lie algebras) 

gl(V) = ( i 3:gI 1 (V)^gI (V) / >) . 

Let A be a 1-form in M with values in gt°(V) and B be a 2-form in M with values in gl (V) such that f5(B) = 
dA + jA A = Fa, the curvature of A. Then we can integrate the local 2-connection (A,B) in order to obtain a 
2-dimensional holonomy 9-( = (H^H 2 ) with values in the 2-category Aut(V,M), or equivalently , in this case, Aut(V). 

Proof. Let us explain the construction of the 2-dimensional holonomy, as well as give the proof of this result. 
This is a particular case of [T2l[T3ll46ll47l i29 , 30 31 ], very influenced by the exposition in |1]. In particular, on 
the contrary of the former references, and solely because we work in the 2-category Aut(V), no differential 
equations are needed in order to express the 2-dimensional holonomy of a 2-path. 

Given a path y, then H l (y) is simply the 1-dimensional holonomy of it, and lives in the Lie group GL°(V) 
of invertible chain maps V —> V. In other words H(y) = g y (l), where t i— > g y (t) is the solution of the 
differential equation: 

J t gy(f) = gy®M±y(t)j, with^O) = 1. 

This is a differential equation in the Lie group GL°(V). It can also be seen as a differential equation in the 
vector space gI°(V), which is the point of view we will take from now on. Note that if y(l) = y'(0) then 

H(yy') = H(y)H(y'). 

Given a 2-path yo =^> y\, say T(t, s) = y s (t) for f,se [0, l] 2 , it is well known (for a proof see t47ll29ll3T1l ) that: 
jH\y s ) = £ g y M)F A (^nt,s),^nt,s)j g 7s {tr l dt H\y s ). 

Again, this can either be seen as a differential equation in the Lie group GL°(V), or as a differential equation 
in the vector space gI°(V) of chain maps V — > V. Looking at the latter picture, we therefore have: 

H\y 1 ) = H 1 (y ) + ^ jT gy £t)F A [^p,s),jT{t,s)^ g 7s {ty l H\y s )dtds. 

Therefore, given that jS(B) = Fa, if we put: 

H 2 (T) = ^ j\ s (f) B (^r(f, S ),|r(f, S )) g ys (tT l H\y s )dtds e gl 1 ^), 

it thus follows that the globularity condition of Definition [3] is satisfied. Compare with [1, Proof of Prop. 
3.13]. This is a particular case of the construction in 1131 461 1301 . 

That H 2 preserves the vertical compositions of 2-paths is trivial to check. Let us prove that H 2 preserves 
horizontal compositions. Consider points x, y, z e M and also paths yo, yi : x —> y and y' Q , y' x : y — » z, and 
finally 2-paths T: y => y\ and T' : y' Q =^> y[. Put y s (t) = T(t,s) and y' s {t) = T'(t,s), where f,s e [0,1]. 
Define 2-paths for each s e [0,1] as T s (t,s') = T(t,l - ss') and T' s (t,s') = T(t,ss') for s',t e [0,1]. Since 
H\y s y' s ) = H\y s )H 2 {y' s ) we have: 

H 2 (TT') = JT £ g Y Xt)Bl^nU),^T(t,B)j g Ys {t)- 1 H\y s )H\y' s )dtds + 

+ £ l Hl (7s) ^(0B(^r'(f, S ),|r'(f, S )) g n (tT l H\y' s )dtds = 
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= X X ^W B (^ r ( f ' s )'| r ^ s ))^ 5 (r 1 H 1 (y s )(H 1 (^) + jS(H 2 (0)dtds+ 
+ £ f o (H\n) - ^(H 2 (r s )) g Ys {t) b U-T'(t,s), |r'(f /S )) gYs (t)- r H\ y ' s )dtd s = 

= H 2 (T)H 1 (y' ) + H 1 (y 1 )H 2 (T') + 

+ X X gys(t) B S) ' S) ) Hl( ^ (H2(r ^ dtds + 

- £ f Q ]S(H 2 (r s )) g^(t)B|^r(f, S ),|r'(t,s)J g Ys {t)- l H\y' s )dtds. 
Given homotopies s and t then /5(s)f = sjS(i) + jS(st), equation |(I4) . thus s/3(f) = jS(s)f in gl (V). Therefore: 

X X ^ s (0B(^r(f /S ) / ^ra, s )) gys (r 1 H 1 (r s )j3(H 2 (O)^ s = 

= r^ Hi(ys) ) H2(rDds= 

Xi . 
Hl(}/s) & H2(r0& ' 

where we have integrated by parts and use the fact that T' Q is a constant 2-path. We also have: 

j^ 1 ^WHTs) g^(f)B^r'(t,s),|r(t /S )J gyfirW^dtds = 

= - H\y s ))jH\r s )ds = JT 1 HHn)^ 2 ^)^ - JT hV^h 2 ^ = 

= H^ytJH 2 ^) - HH 7l )H 2 (T' ) - £ H\y s )jH\T' s )ds = H^H 2 ^) - £ H\y s )jH 2 {T' s ) 

since T' Q is a constant 2-path. These calculations prove that H 2 preserves horizontal composites of 2-paths 
and of homotopies. □ 

Remark 9. Let V be a chain complex of vector spaces and Mbe a manifold. Let (A,B) be a g\(V)-valued local 2- 

connection in M. Let <H = (H,H z )be its associated two-dimensional holonomy. Consider a smooth map f : M — > M. 

f'(A,B) 

Let f*(A, B) = (f*(A), f*(B)). Then f*{A, B) is a local 2-connection. Let <H be its holonomy. Then 

(A,B) f(A,B) 

H 1 {foy)= H 1 (y) 

and 

(A,B) f'(A,B) 

H 2 (f o r) = H 2 (T), 

for each path y and a 2-path T. 
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Remark 10. In the notation of the previous remark, let cp: V — > V be an invertible chain-map. Then we have a 
2-functor 0: Aut(V) — > Aut(V), and also a differential crossed module map (p: gl(V) — > gl(V), where any chain 
map and any homotopy (up to fold homotopy) are conjugated by (p, namely gI°(V) 3 g h <pg<p~ l e gI°(V) and 
gl^V) 9 s h> c^" 1 e gl^V). T/zen $(A,B) = ($(A),$(B)) zs a /ocflZ 2-connection. Moreover: 

tp(A,B) (A,B) 

2.3.3 The 2-curvature 3-tensor 

Let V be a chain complex of vector spaces and M a manifold. Let (A, B) be a gl(V)-valued local 2-connection 
in M. Therefore /3(B) = Fa, the curvature of A. The 2-curvature 3-tensor C of (A, B) is defined as 

C = dB + A A" B, 

where A A" B is 3/2 times the antisymmetrization of the tensor (X, Y, Z) i-» A(X) > B(Y,Z), where X, Y, Z are 
vector fields in M. In particular 

(A A" B)(X, X Z) = A(X) > B(Y, Z) + A(Y) > B(Z, X) + A(Z) > B(X, Y). 

Theorem 11. Suppose that To and T\ are 2-paths in M which are homotopic relative to the boundary of[0, l] 2 , through 
a piecewise smooth map J: [0, l] 3 — > M. Explicitly, suppose that J(t,s, 0) = ro(f,s) and /(f,s, 1) = ri(f,s). Also put 
Y(x,s){t) = J(t,s,x),for t,s,x e [0,1]. T/ien: 

H 2 (ri) = H 2 (r ) + J J J g yM (t)c[^i(t,s,x),jj{t,s,x),^ 

Proof. Let T x (t,s) = J(t,s,x) for t,s,x e [0, 1]. Given g e GL°(V), an invertible chain map, and s 6 gl (V), we 
put g > s = gsg -1 . It is easy to see that gl a (V) 3 s \-^> g > s e gl : (V) is a Lie algebra map. We have: 

H2(Tx) = X X 8 ™ (t)> B (§- s W' s ' x ^Jt Kt ' S ' X) ) Hl (7M)^ s e 9l : (V). 
The following is well known (however for a proof see 1311 ): 

§-/ (0 = jf *n* (O ^ (|r v (f, s) , Ar x (f , »)) (O" 1 g XM (t) df + ^ (0 a (|/(t, *, *)) , 



d_ 

dx 



Also, by definition: 



and finally: 



^ B (| /(i/S/ , )/ | /( , /S ,, ) ) = |. r(B) (|,| 



= r (d B ) I - # r (B) r (B) (i., i. ) . 

'\dx ds dt ds' y '\dt dx) dt 1 y '\dx dsj 
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Then, integrating by parts, and using the fact that the homotopy / is relative to the boundary of [0, l] 2 : 

^H 2 (T X ) = ff g YM (t)c{J^J(t, s, x), jj{t, s, x), j t J{t, s, *)) g yM (tr*H\y M ) dtds + 
[o,i] 2 

+ ff f o {gy M (nF A {^TS\s) r -^T x (t'rS)\ gy^T 1 gy M (t))> B [jt Kt ' S ' x) 'Tx ]{t ' S ' X ^] H ' ( > dt ' dtds + 

[0,1P 

ff X UM^) F 4^M^T x ^ f s)\ W*>) " B&(t /S/ x),|/(t,s,x)) H\ Y(x , s) )dt'dtds + 

0,1] 2 

J]J > B fe(f, s, x), j t J(t, s, x)jg 7M (n F A (J^,(f, s), JLltf, s)j g yM (f J" 1 H 1 ^)) df'dfds + 



[0,1] ; 

+ 



[0,1] 

+ 



iff (,) > B s ' x >' s ' x) ) F ^ ( s )' Jt 1 ^'' s)) (O" 1 ^(y^)) dfdf'ds . 

[0,1] 3 

(15) 

Recall that if s, t e gl 1 (V) we have /3(s)f = s/3(f). Since /3(B) = the last two terms of <fT5t can be written as: 

X(jf gy M (*) f a {ij(f, s, x), |/(f, s, *)) g 7M (f)-V 7M (f ) > B |^r,(f, s), ^T x (t', s)\ H\y M ) dt'dtds + 
i] 3 

J]J «>m ( f ) Fa (j t W' s ' *)> s ' *)) SVw (O > B (^r v (f, s), ^(f, S)J H 1 ^)) df'dfds = 

[0,U 3 

= JT X ^( t)FA (^ 7(t ' s '^^ s '^)^W -1 ^(0> B (|^ r ^'' s )'|7 r -(^ s )) H 1 (y iX/S) )dtdt'ds + 

[0,1? 

ff X (0 Fy * S/ x)/ ^ 1{t ' s ' x) ) gyM (t) (0 > B (^ r - v(i '' s)/ i Tx(t '' s) ) Hl °' (:c ' s)) di ' Arfs + 

;o,i] 2 

ff X W f ) Fa (j t Kt, s, x), ^/(f, s, z))*^)" 1 WO > B (|r,(f , s), J^f, s)) H 1 ^)) dt'dtds + 

;o,i] 2 

ff X W Fa [j t ^' s ' *>' Tx n ' s ' x) ) to**®' 1 *?** {n " B (j s TAt '' s) ' ^ Yx{t '' s) ) Hl(y(T ' s)) dtdt ' ds 



[0,1] 

+ 

[0,1P 

D 

[0,1] 

+ 
+ 



[0,1] 

+ 



(16) 

where we have split an integral over [0, l] 2 in a sum of integrals over two triangles. Using the expression 
of the action of qI°(V) on gl^V), namely b > s = bs — sb, for a chain map b e gl^V) and homotopy s, the second 
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and third terms of {15} can be written as: 

II I (^(OFA(^r»(^ / s) / ^r»(^s))g yM (*'r 1 )gy M (*) > B^j t J(t,s,x),^}(t r s,x) ] jH 1 (y {x , s) )dt'dtds + 

[0,1] 2 

+ ff ngy M (t')F A (^TAt\s),^T x (f,s)\ gy^ifr 1 ) g yM (f) > B(^/(f, S/ x),|/(t /S ,x)) HHy M )dfdtd8 + 

[0,1] 2 

" II Io 8ri *' s,it) * B (jt J{t ' S ' x) 'i Rt ' S ' x) )( 8 ^ g r an- l) jH 1 (y {x , s) )dt'dtds + 

[0,1? 

-ff I W) * B(|/(U,*),§7(f,s,x))^ H\y (x , s) )dt'dtds. 
[o,ip 

(17) 

We can see that the sum of fl6|l and (l7l l is zero, by using the fact that if s, f e gl^V) then d(t)s = td(s). 
Therefore flBl simplifies to 

if r«l r«l / ^ ^ ^ \ 

-H 2 (T V ) = J o J o g nrs) (0Cl^/(^^ 
which leads at once to the statement of the theorem. □ 



A local 2-connection (A, B) is said to be 2-flat if the 2-curvature 3-form C = dB + A A" B vanishes. An 
immediate corollary of the previous Theorem is: 

Corollary 12. If (A, B) is 2-flat and if To and Ti are nomotopic relative to the boundary, then 

H 2 (T ) = H 2 (Tj) . 



2.3.4 Manifolds with a group action 

Let M be a manifold. Let V = {V„,d: V„ —> V n -\} n€ z be a chain complex of vector spaces. Suppose that V is 
of finite type. Consider a local 2-connection (A, B) with values in gl(V) = (jS: gl J (V) — » gl°(V), >). We therefore 
have, see Definition[3j an Aut(V)-valued two dimensional holonomy *H = (H 1 ,H 2 ). 

Suppose that we have a left action of a (discrete) group G on M by diffeomorphisms, free (stabilisers 
are trivial) and properly discontinuous. We denote the action as g i-> L g and L g (x) = g(x), for x 6 M. 
Consider the quotient manifold M/ G. Denote the projection map as M 3 x i-» [x] e M/ G. By standard 

covering space theory, applied to the covering M — > M/ G, any path [x] -^-» [y] in M/ G can be lifted to a 
path x — > y in M, and any two such lifts are related by the action of a unique element of G. Similarly if 

([x] ^* [y]) => ([x] [y]) is a 2-path in M/G then it can be lifted to a 2-path T in M, connecting lifts yo 
and j\ of [}'o] and [y{\, with } ; o(0) = }'i(0) and yo(l) - 7i(l)/ and any two lifts like these are related by the 
action of a unique element of G. 

Let us consider also a left action of G on V by chain-complex maps, G 3 g h > Tg € GL°(V). We thus have 
a right action K of G on the 2-category Aut(V), by 2-functors. This has the form: 

R g (f) = i r io/oT 8 , for each / e g!°(V) and each jeG, 

i (18) 
R ? (s) = Tg-i o s o Tg , for each s e gl (V) and each g e G . 

Let us define a 2-category Aut(V, M,G). The objects are the points of the quotient manifold M/G. A 
morphism [x] — » [y] is an equivalence class of triples of the form (x',f, y'), where x' e [x], y' e [y] and / is a 
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chain map V — > V. Two of these are said to be equivalent if they are related by the transformation: 

(x,f,y) i-> (g(x),z g fT g -i,g(y)) ± L g {x,f,y). 
The composition of (x,f,y): [x] — > [y] and (y',f',z): [y] — > [z] is: 

(x,fx r ifT gt g-Hz)) t 

where y' = g(y). This is independent of the representatives chosen. Indeed if (here a, b e G): 

(x',/i,y") = (a(x),i a fT a -i,a(y)) 

and 

then y'" = b(y') = b(g(y)) = (bga~ l ){y"), and the composition of these two morphisms is 

= L a ({x,fT g -.f'x g ,g-\z)j). 
It is easy to check that the composition of 1-morphisms is associative. 



Analogously, the set of 2-morphisms ([x] ( ,y \ [y]) 



({x',f",y')\ 

s 

l(*V',y")J 



([x] ^ ' y ^> [y]) is the set of all matrices 



where s e gl (V) is such that jS(s) +/' = Zg-if"r g , where g(x') = x", considered up to the equivalence relation: 



{{x',f",y')\ 

s 

{(x",f,y")i 



(L a {x',f",y')\ 

T fl ST„-i 



\L a {x",f',y")) 

for arbitrary a £ G. These compose horizontally and vertically analogously to 1-morphisms. 

Theorem 13. Let M be a manifold and V be a chain complex of vector spaces. Let (A,B) be a g\(V)-valued local 
2-connection in M. Suppose that there is a free and properly discontinuous left action G 3 g i-» L g e diff (M) of a 
discrete group G on M. Suppose also that we have a left action ofGonV by chain-complex maps, made into a right 
action of G on Aut(V) by 2-functors, by using | (T8fr . If these actions satisfy: 



(L„-i)*(A) = RJA) and (L r i)*(B) = RJB) , 



(19) 



for each g e G, then the 2-dimensional holonomy of (A, B) with values in Aut(V, M) descends to a 2-dimensional 
holonomy in the manifold M/G with values in the 2-category Aut(V,M, G). 

Proof. This essentially follows from Remarks and [10] and standard covering space theory. If we have a 

[)■] y 
path [x] -A [y] in M/G, we lift it to a path x' A y' . Put 

IA.B) 

H l ([y]) = [x] > [y] . 

If we choose another lift L g (y) of [y] then 

(A,B) L' S (A,B) \-i(A,B) (A/B) 

H 1 (L g (y)) = H 1 (y) = H 1 (y) = T g H 1 (y) V > . 
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Thus 

M > [y] = M > [y] = M > [y] , 

and this shows that H x (y) is well defined. The same analysis applies to 2-paths. □ 

Definition 14. A local 2-connection satisfying (fl9b will be called a G-covariant local 2-connection. 

Equations l fl9ll need only to be checked on group generators of G. Indeed if (l9l l holds for g and h in G, then: 

(L (ghri y(A) = (L (h -i r i))*(A) = (L^V^A) = (L^rf^x)*^)) = (L^)*^)) = R, ; (^(A)) = ^(A), 

and the same for B. 

2.4 Categorical representations of differential crossed modules on chain-complexes 
of vector spaces 

2.4.1 Definition of a categorical representation 

Similar constructions appear for example in 1 15 , 27 , 50 ] . A categorical representation of a differential crossed 
module © = (j3 : f) — > g, >) on a chain-complex of vector spaces V = ( V,-, <9), e z is by definition a morphism of 
differential crossed modules p = (p 1 , p°): © — > Cjl(V), see Section |Z21 We thus have Lie algebra maps 

p°:g^gI°(V), g 3 X i-» p° e g!°(V) 
p 1 itj^gl 1 ^), IjB^^pJegl 1 ^). 

These are to satisfy, for each X,Yeg and u,v efy. 

i )P[x / y] = H'Py}' ")Pmi = iii )^(pi) = P^(„)' iv ) Px>„ = Px > Pi • 

We will frequently drop the indices on p° and p 1 when they are obvious from the context. 

2.4.2 The adjoint categorical representation of a differential crossed module 

A very simple and natural example, which will play a major role in this paper, of a categorical representation 
is the adjoint categorical representation of a differential crossed module © = (d : t) — > g, >) on its underlying 
(short) complex of vector spaces © = (d : \) — > g). In the case of Lie crossed modules this appeared in 11501 . 
The adjoint categorical representation p = (p 1 , p°) on generic elements X, Y e g and eel) has the form: 

P ° x (v r Y) = (X>v,[X,Y]) (20) 
pl(X) = -X>v, (21) 

where we characterize the chain map of short complexes p° x by its underlying pair of maps, and p\ : Q —> f) 
as it should. Clearly relation i) above is true. Also for each u, v e 1) and X e g: 

pl u] (X) = -X>[v,u] 

and, since the underlying complex (d: f) — » g) of © has length two, thus p\p\ = p\p\ = 0: 

{plplm = (plM - pIMxx) = - P l(d(x>u)) + P l(d(x>v)) 

= d(X >u)>v- d(X >v)>u = [X, d(n)] > v - [X, d{v)] > u 
= X > d(u) >v — d(u) > X > v - X > d(v) >u + d(v) >X>u 
= X > [u, v] - [u, X > v] - X > [v, u] + [v, X > u]. 
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Thus, by using X > [v, u] = [X > v, u] + [v, X > u], we see that p^ v , = {pi, p\}, which proves ii). To prove iii) 
note that for each u,uef) and X e g: 

p° d{u) (v,X) = (d(u) > v, [d(u), X]) = ([u,v], [d(u),X]), 

whereas: 

P(pl)(v,X) = (p l u {d{v)),d{p} t {X)j) = (-d(v)>u,-d(X>u)) = -([v,u],[X,d(u)]). 
Finally we have for X, Y e g and u elf. 

pl u (Y) = -Y>X>u. 

On the other hand: 

(Px > pD( Y ) = (PxPDW - (plp°x)( Y ) = -X>Y>u + [X,Y\>u = -Y>X>u. 
by definition of a Lie algebra representation, and this proves iv). 

2.5 Tensor product of complexes 

2.5.1 The symmetric monoidal category of chain complexes 

Most of the framework presented here is quite classical. See for example [24J for the tensor product of 
complexes and also B5l for graded tensor calculus. 

Let Vi = [Vl, di : Vl — > V^hez be a family of complexes of vector spaces, indexed by a e {1, . . . , n\, for 
a positive integer n. Let us recall the definition of the chain complex tensor product 

® J =1 V> = [W k ,d: W^Wh)^. 

This complex is such that the vector space of elements of degree k is: 

w k = V h ® v h ® . . . ® v in , 

I1+J2+— +!„ =k 

with boundary, for x. e V-, where i e Z and ;' e {1, . . . , n): 

d(x) ® x 2 ® x? ® . . . ® x" ) = d(x} ) ® x? ® x? ® . . . ® x" + (-\) h x) ® d{x] ) ® x? ® . . . ® x" + 

+ (-iy i+i2 x£ ® x\ ® d{x\) ® . . . ® x? + • ■ • + (_i)*i+<2+<3+-+'»-i x i ®x\®xl® d{x" h ). (22) 

The tensor product of chain complexes is associative up to (the obvious) isomorphism of complexes. 
Given chain complexes It = {!!,,<?: !i, — > !i,-i};ez and V = {V„ 5: V,- — > V,-i}, e z there is an isomorphism 
U® V -> V® It; it has the form, for w, e IT, and Vj e Vy: 

M; ® Vj H-> (-l) !y I7y ® 

This gives the category of chain complexes and (degree zero) chain-maps the structure of a symmetric 
monoidal category More generally, for each k e {1, ...,n — 1}, we have an isomorphism Tx k , of chain 
complexes, for each transposition, X k exchanging k and k+1. Here 

V X ®V 2 ® ... ®V k ®V k+1 ® ... ®V" V J ®V 2 ® ... ®V fc+1 ®V 1 '® ... ®V", 
where if x ; e V ; we have 

x) ® x] ® xf ® . . . ® x®kx k+1 ®...®x" (-l) ikik+1 x} ® x] ®x] ® ...® x k+1 ® x) ® . . . ® x" . 

h »2 »3 Ik 'k+1 hi V ' '1 '2 »3 'k+1 'k <» 
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These satisfy the well known symmetric group S„ relations, namely: 

T X k ^X t+ i Tx k — ^"X t+1 f X t ^~X t+1 • 

In particular, given a permutation a of the symmetric group S n we can define a chain isomorphism % a : V 8 " — » 
V 8 " 1 (where V®" denotes the tensor product of V with itself n times) as: 

x? ® x 2 ® x 3 ® . . . ® x" ^ e(a, h, ...i n ) x lT ~ 1(1) ® x°~ 1(2) <g> x°~ 1(3) ® . . . ® x a ~ Hn) , (23) 

where 

|i,ie(l,...,n} such that fc<( and o(Jfc)><7(/)| 

Clearly if a, a' are elements of the symmetric group S„, it holds T aa > = z a x a > . We thus have a representation 
t of S n on V®" by degree zero chain maps, which will have a primary role later. 

Given complexes U = {U„d: U, -> LZ,-i}, eZ and V = \V„d: V t -> V,_i}, eZ we define Hom n (U,V), the 
space of maps of degree n, as being the space of sequences a - («,•) of linear maps a, : IT, — > Vj+ H/ called n-fold 
homotopies. There exists a chain complex of vector spaces: 

< NOM(U,V) = {Horn" (11, V),jS: Horn" (II, V) -> Hom"" 1 ^, V)}„ eZ , 

where if a : U — > V is a map of degree ft we define: 

jS(fl) = <?a - (-l)'W. (24) 

Given complexes V and W, where i = l,...,n, there exists a degree zero chain map: 

^)._ 1 'HOM(V l W) -A •H0M(®7 =1 V, ®1 =1 W% 

sending / : ® / 2 ® . . . ® f" to f l ®f 2 ® ... ®f l , for each sequence of maps f k : V k — > W fc of degree 
(A: = 1, . . . , «). Here, if x* are degree 4 elements of V k , we put: 

(/ : ® f 2 ® . . . ® /"X* 1 ® x 2 ® • • ■ ® x") = (-If (W'feD/ 1 ^ 1 ) ® / 2 (x 2 ) ® • • • ® /"(x") (25) 

where 

141) = z'i('«2 + ■ ■ ■ + «i„) + i 2 (m 3 + ■■■ + m n ) + ■■■ + i„-im„ . 
The following result will be crucial later. 
Lemma 15. For any permutation a e S„ it holds that 

T a o (xif 1 ® . . . ® /")) o T" 1 = K (Taif 1 ® . . . ® /")) , (26) 

as degree m\ +mi H V m n maps ® " =1 V — > ®" =1 W. 

A word on notation: t iT is used here to denote the morphisms associated to the permutation a, however 
in three different complexes, namely, by order of appearance in the previous formula: and 
®" = {HOM{V,W). 

Proof. It is enough to prove the result for the transpositions exchanging k and k+1. Put = Tx k , thus: 
T k (x l ® . . . ® x fc ® x fc+1 ® . . . ® x") = (x 1 ® . . . ® x fc+1 ® x k ® . . . ® x") . 
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We then compute the left hand side of j26l l on x 1 ® . . . ® x k ® x k+1 ® . . . ® x" 

T k {f 1 ®... ®f") T"V ®...®X k ® X k+1 ® . . . ® X") = 
= (-1)W*> Tfc ® . . . ® /"X* 1 ® . . . ® X ,C+1 ® X k ® . . . ® X") 

= (-1)*** (_ 1 )m» :+1 i w +m w i i Tjf (g, _ _ . ®/-(x* +1 ) ®/ l ' +1 (x*) ® . . . ® f"(x")) 

= (-!)«*■> (.^(K-Uy) (.^^iw+^A ( _ 1) (»< l -+i t+ i)(m t+1+(t ) /yl^l) _ _ _ yfc+l^/c) 3 ^(^+1) ® . . . ® /"(*")) 

= (_ 1 )X({m fc },{f fc D ( _ 1) m t fe+m t+1 i t+ m l m l+1 ^1^1) _ _ _ 9 fk+l(fi 3 f k ( x k+1 ) ® . . . ® /*(**)) . 

A shorter computation for the right hand side gives: 

k(t cj (/ 1 ® . . . ® /"))(x 1 ® . . . ® x k ® x ,c+1 ® . . . ® x") = 

= (-l) m ""* + i (/ : ® . . . ® f k+1 ® /* ® . . . ® /")(x : ® . . . ® x") 

= (_ 1 )m t m l+ i (_ 1 )m t+1 i t+ mH'^yl( I l) 3 _ _ . ® ( X fc ) ® / fc (x fc+1 ) ® . . . ® f"(x")) . □ 



2.5.2 Insertion maps 

Let V = (. . . ■-> Vi—> Vi-i —> . . . ) be a chain complex of vector spaces. Then g\(V® n ) is a differential crossed 
module. We can also perform the tensor product of the underlying chain complex of gl(V) with it self 
fc-times. The latter is not a differential crossed module, however for every n > k it maps to gl(V®") naturally. 
This paragraph is devoted to carefully describe this map, which will have a major role in our construction. 

We first introduce some notation. Given V, we denote (V)2 — V2 = (Vi — » Vq), which is a chain complex 
of length two. Let also V2 be the chain-complex V2 = (Vi/d(V2) Vq). We clearly have functors ( . )2 and 
( . )2 from the category of chain complexes to the category of length two chain complexes (of vector spaces). 
Given another chain complex of vector spaces V, we will normally abbreviate fi'.Vi ^ "^' 2 as / for a chain 
map / : V — > V. For every differential crossed module © = (jS : f) — > g, >), let © = (jS : I) — » g) be its underlying 
chain complex of vector spaces. 

Let k and n be positive integers with k <n. Let i/> : {1, . . . , k] — > jl, ...,«} be an injective map. The goal of 
this section is to define and study the properties of the chain map of length two chain complexes: 

F r . (g\(vf k ) 2 -> gl(V®») . 

In each of these complexes, the single boundary map will be denoted by jS. We start by the case when is 
increasing, ip(i + 1) > ip(i) for every i. In this case we define F^ : (gl(V)®' c )2 — > gl(V®") as: 

F^,(fi ® . . . ® fk) = id® . . . ®/i ® . . . ® / fc ® . . . ® id = K(id ® . . . ® f\ ® . . . ® f k ® . . . ® id), 

where we have inserted fi in the 4>(i) th position of the n-fold tensor product V 8 ", inserting identities in the 
remaining positions. Each /; is to be either a chain-map V — > V or a homotopy of V, up to 2-fold homotopy. 
Only one homotopy up to 2-fold homotopy can appear in the list f\, ■ ■ ■ , fk (since we are only concerned 
with what happens in degree and 1). 

Some details need checking. First, let us show that Fxy is well defined. Let i 6 {1, . . . ,k}. Suppose /;, j + i 
are chain maps V — > V and that s, = + jS(fl ; ), where s ; , e Hom 1 (V) and fl, e Hom 2 (V). In this case we have: 

® • ■ • ® s, ® . . .®/ fc ) = F${fi ® . . . ® s' ® . . . ®/t) + /3(id® ... ®/i® ... ®fl,® . . . ®f k ® . . . ®id) 
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since, given that all maps /; are chain maps, thus j8(/y) = 0, by 

j3(id® ... ®/ x ® . .. ®a,® ... ®/i® . .. ®id) = jSf K(id ® . . . ® f\ ®...®«i®...®/t®...®id)J 

= 7c(|3(id ® . . . ® ft ® . . . ® di ® . . . ® fk ® . . . ® id)) 
= 7c(id ® . . . ® fi ® . . . ® |3(ai) ® . . . ® fk ® . . . ® id J 
= 7c(id ® ... ® fi ® ... ® Si - s' { ® ... ® fk ® ... ® id) 
= id® ... ®_/i® ... ®s, -sj® ... ®// c ® ... ®id, 

and we conclude. Next, F^ is a chain-map since 

jS(P,/,(/i ® . . . ® S; ® . . . ® fk)) = |S(K'(id ®...®/i®...®S;®...®/t®...® id)) 

= 7c(|S(id ®...®/i®...®s;®...®/t®...® id)) 
= K(id ® . . . ® fi ® . . . ® jS(s,) ® . . . ® fk ® . . . ® id) 
= F v ,(/ 1 ®...®jS(s i )®...®/„). 

It is also true that F^, descends to a map of length two chain complexes of vector spaces: 



Fip ■ (g\(V)® k h -> gi(v«"). 



Indeed, consider a general element of the degree 2 component of gl(V) . It is a linear combination of 
elements of the form: f\ ® . . . ® s; ® . . . ® S; ® . . . ® fk, where only two of the terms in this tensor product are 
homotopies (up to 2-fold homotopy) namely s, and sy, the remaining ones being chain-maps. Then 

F^(fi ® . . . ® Sj ® . . . ® sy ® . . . ® fk)) = 0. 

In other words, by Qlf , 

Fipifi ® • • • ® jS(si) ® . . . ® Sj ® . . . ® fk) = F^,(/i ® . . . ® s ; ® . . . ® |3(s ; ) ® . . . ® fk). 
This is because, by definition and l(22)l . and inserting fi in the ip(I) th position of the tensor product we have: 
|S(k(. . . ® fi ® . . . ® Si ® . . . ® Sj ® . . . ® /*; . . . )J = k(/3(. . . ® /i ® . . . ® Sj ® . . . ® Sj ® . . . ® fk . . . )) = 

= k( . . . ® fl ® . . . ® P(S,) ® . . . ® Sy ® . . . ® fk . . . ) - Kf . . . ® f\ ® . . . ® Sj ® . . . ® jS(Sy) ® . . . ® fk . . . ) = 

= Fy(fi ® . . . ® jS(si) ® . . . ® Sj ® . . . ® fk) - F^ifi ® . . . ® s; ® . . . ® /3(sy) ® . . . ® fk) . 

To define F\p for a generic injective map ijj : {1, . . . , /c) — > {1, . . . , n], not necessarily increasing, we observe 
that W factorises uniquely as i/'' o a, where ip' is increasing and a e S/ c , the symmetric group of degree k. We 
then put 

F^Ff °V (27) 
Here T ff : gl(V) Sl ' -» gl(V)® /c is the chain map associated to a, see 02.3b . and T a is its projection onto a map: 



~: (gi(V)^) 2 ^(gi(V) 8t )2. 

Lemma 16. Lef A:, A:' < n. Given {l,...,k} — > {1, . . and : jl, . . — > jl, . . .,n),if 

</;({!,..., M)nf ({!,.. .,fc')) = 0, 
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then in the differential crossed module gl(V®") we have: 

[Fyifi. ®...®fa), F 4 , {gt ® . . . ® g' k )} = 0, 
F^/j ® . . . ® fa)>Fy(g X ® . . . ® fy ® . . . ® = 0, 
{F^(/i ® ...®Si® ...®/ fc ),F^(gi® ...®fy® = 0. 

Proof. The first two assertions follow from the definition of gl(V 8 "), given that in this case Fyifi ® • • • ® fk) 
and F^ (g\ ® . . . ® g',) commute as degree maps, and so do F^(/i ® . . . ® fa) and Fy (g\ ® . . . ® tj ® . . . ® gi). 
Also (i(Fy(fi ® . . . ® s; ® . . . ® fk)) = Ff(fi ® . . . ® /3(sj) ® . . . ® fk) and Fy> (gi ® . . . ® fy ® . . . ® g' k ) do commute as 
maps V®" — > V®". Therefore, by the differential crossed module rules: 

[Fyifx ® . . . ® s, ® . . . ® fk),F^{gi ® . . . ® fy ® . . . ® g' k )} 

= p(F 4 , {f x ® . . . ® s; ® . . . ® fa)) > Fy (gi ® . . . ® tj ® . . . ® g' k ) = . □ 

Let now ip : {1, . . . , k] — » {1, . . . , n} be an injective map, and ip = xp' o a the factorization as before, a 6 Sk and 
i// increasing. Suppose that a' 6 S n . Then o' o ip' = ip" o a", uniquely, where is increasing and a" € S^. 
Note that ip"o"o~ = o'xp'o = o'xp. This notation is used in the proof of the following lemma. 

Lemma 17. As chain maps (gl(V)®*) 2 -> gl(V®"), roe /zaz;e: 

o O T,y-1 = F ff /^. 

Proof. We start by supposing that xp' is increasing. Let us see that z a > o F^,' o t a ,-i = F a ,^ in this case. Let 

us be given f\ ® . . . ® fa in (gl(V)® ) , where /, is either a chain map or a homotopy, up to 2-fold homotopy. 
Then, by definition and Lemma [151 

la' ° Fy(fi ® . . . ® fa) o T a ,-i = T a > o (id ® . . . ® f\ ® . . . ®fa® . . . ®id) o T a /-l 

= k(t / (id ® . . . ® fa ® . . . ® fa ® . . . ® id) ) 
= F r x & ,{f x ®...®fa) = F ra „(fa ®...®fa) 
= F a ^{fi®...®fa), 

where in the third identity we used l l23ll . Now, for not necessarily increasing xp, we have: 

la' ° Fy(fl ®...®f„)o T a ,-i = T a > o (Ftp> (t a {fi ® . . . ® /„)) ) o T a ,-i 

= F r (T a "T a (f 1 ®...®f„))) 
= F ra "a(fl®---®fn) 

= Fa'4, (fa ® . . . ® /„) . □ 



3 Categorified Knizhnik-Zamolodchikov Connections 

3.1 Knizhnik-Zamolodchikov 2-connections in configuration spaces 

We now recall some results from Il23ll . Let us consider and fix a positive integer n. Let W be a chain complex 
of vector spaces. Let us suppose that we have a left action a i-» z a of the symmetric group S„ on W by 
chain-complex isomorphisms. The motivation for this is the case when W = V® n is the tensor product of a 
chain-complex V with it self n times, together with the standard action of S„, see ll2"3l ). 
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Let C(n) be the configuration space of n distinct particles in the complex plane: 

C(n) = {(zi, ...,z„)eC": z, * z ; if i * /}. 

This has an obvious left action S n 3 a i-» L„ e diff(C(«)) of the symmetric group S„. The configuration space 
of n indistinguishable particles in C is defined as C(n)/S n . 

Recalling the definition of the crossed module Cjl(W) = (jS: gl^W) — > gl°(W),>), see Section |Z21 and also 
Section |2.3.41 we thus have a right action a h-> R of S„ on gl(W) by differential crossed module maps. Here 

R a {f) - V-i / T a , for each / e gl°(W) and a e S„ , 
R a (s) — Tg-i s T a , for each s e gl : (W) and a e S„. 

We will write the Lie algebra brackets on gl'(W) as {, }, for i = 0, 1. 

Define closed 2-forms cou in the configuration space C(n), for 1 < i, j < n and i + j: 

dzj — dzj 

OJij = • 

Z{ - Zj 

Clearly for each a e S n : 

An easy calculation proves the well known Arnold's relation [3J, for each distinct indices i, j,k e {1, . . . , n}\ 

OJij A ajjk + ojjk A cou + ojid A OJij = 0. (29) 

Also, for each distinct indices i, j 6 {1, . . ., n}, we have cou = ojjj. 

For i < j, with i, j e {1, . . . , n}, we consider arbitrary degree zero chain maps tu : W — > W and suppose 
that 

{f ;> t, ? } = / iffcfln {/',/'} = 0. (30) 
Define the following gI°(W)-valued 1-form: 

A= ^ ( 31 ) 

l<i<j<n 

Its curvature Fa = cL4 + ±A A 1 - 1 A-\A A u A is: 

Fa = ^ Rwc Wfca A oj ac + R„bc oj„t A oj bc , 

a<b<c 

where if a < b < c we put: 

Rabc = {tab + tac, he) and Rf, flc = {t a b + f/ 7C/ f flc ). 

This calculation appears for example in [23], and previously in several other places I14[l39ll36ll40l . 

Theorem 18. In the conditions of d30l , the connection form A = £,i<i</<n ^ijUj of (|3TT > is flat if and only if the 
following relation, called the 4-term relation, is satisfied: 

{tab + t ac , he) = = {tab + he, t ac ) , for 1 < a < b < c < n. (32) 
In this case the connection form A of (|3Tl l will be called a Knizhnik-Zamolodchikov connection. 

Relations (|32l l are sometimes called infinitesimal braid group relations. 

In order to define a local 2-connection (A,B) on <C(n) with values in gl(W) = (jS: gl^W) — > gI°(W),>), we 
need a gI 1 (W)-valued 2-form 6 such that |S(B) = Fa- We also want to impose that (A, B) be a flat 2-connection, 
in other words that the 2-curvature 3-form C = dB + A A" B vanishes, see Section l2.3.3l 
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To match the condition fi(B) = Fa we define a gI 1 (W)-valued 2-form B in the configuration space C(n) as: 

Kbac <^ba ^ CO ac + K a bc 0) a b A W\,c, (33) 

a<b<c 

for some Kabc, K bac e gl^W) such that: 

P(Kabc) = Rabc, 

P(Kbac) = Rbac, (34) 

tab > K, jk = if {a, b] n {z, k\ = 0, 

where we have \ < a <b < c <n and either 1 < z' < / < k < n or 1 < j < i < k < n. The following crucial 
Theorem is proved in |23l . 

Theorem 19. Groen a gl(W)-i>aZ«ed 2-connection (A, B) on C(n) with A as in (31), wZzere f^e relations in (f30|) ZioZd, 
and B as m (33) , swc/i f/iat (34t /zo/ds, then the 2-curvature 3-form C = dB+AA > B vanishes if and only if the following 
conditions are satisfied: 

tad > (Kbac + Kbcd) + (t a b + he + hd) > K ca d ~ (t a c + ted) > Kbad = 
tbd > (Kibe + K ac d) + (t a b + t a d + tac) > K c bd ~ (he + hd) > Kabd = 
he > (Kbad + Kaid) + t a d > (K c bd + K bc d - K abc ) = 
tac > (Kabd + Kcbd) + tbd > (K ca d + K ac d ~ Kbac) = 
ted > (Kbac + Kbad) + (tab + he + hd) > K acd - (t ac + t ad ) > K bc d = 
ted > (K a bc + K a bd) + (tab + t ac + t a d) > K bc d ~ (hd + he) > K ac d = 

with a < b < c < d e jl, . . . , n\. 

Relations (35) can be interpreted as being infinitesimal relations for braid cobordisms. 

Remark 20. A useful observation for later: note that if we exchange a and b in the first, third and fifth condition, 
and nutting ha = t a b, we get, respectively, the second, fourth and sixth conditions. Exchanging a and c in the first 
equation also yields the fifth, provided that we have Kb ca = Kb ac - 

Remark 21. The relations <f35b are satisfied in the differential crossed module (id : gl°(W) — > gI°(W),>' ,rf ) / where > ad 
is the adjoint action of gl°(W) on itself, if we put K a b c = Rabc £ gI°(W). Indeed in this case J35|> are the components of 
the Bianchi identity dF& + A A Fa =0, always satisfied by the curvature form Fa of A. 

In the conditions of Theorem [19) for the case when J35t holds, in order that the holonomy of the local 
2-connection (A, B) descend to the quotient manifold C(n)/S„, we must impose conditions (19). For instance, 
as far as the 1-form A is concerned, these say that given a e S„ we must have 

Yj <u i/'i/) = R o- 1 ( Yj ° Jl ' U ')' 

\<i<j<n \<i<j<n 



(35) 



or: 



Thus we must have: 



Therefore defining 



y, Mo-^ijo-mjtij - Y, Wijitotifio-i). 
l<i</<H l<i<j<n 



TijtjjT a -i — 



\h(Mi) if a (0 < °(i) 
{h(j)a(i) if a(j) < a(i) 



tab = ha, iia>b, 
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the condition 

V a (A) = R r r (A) 

holds for each permutation a 6 S n if, and only if, for each s € S n we have 

TakjTo-i = t a (f) a (j). (36) 

We now put for any distinct /', /, k e {1, . . . n\: 

R-ijk = {tij + tptjk}- 

This is compatible with the previous formulae, given that tij = tjj. Also: 

Rijk + RjM + Rkij = and R, jk = R ikj . 

The same kind of argument that gives conditions for the covariance of the 1-form A under the action of 
the symmetric group permits us to find out the conditions that make the relation l fl9] | true for the case of the 
B form. This was sketched in Il23l. The stated result was: 



Theorem 22. Choose a positive integer n. Let W be a chain-complex, provided with an action o i-» T a ofS n on it by 
chain-complex isomorphism. Choose chain maps 

tab '■ W — » W, for distinct 1 < a,b <n. 

These should satisfy, for all distinct i, j and distinct i' , f: 

U] = tjl ' (37) 
{ti J v*f/} = / if{i,j}n {?,/} = 0. v ' 

Define, for each distinct a,b,c e {!,..., n): 

Rabc = {tab + toe, he}- (38) 

Also choose homotopies (up to 2-fold homotopy) K a b c e gl 1 (W),/or each distinct a,b,c e {1, . . . , n], satisfying: 

P(Kabc) = Rabc, 

t ab »K ljk = Oif{a,b}n{i,i,k} = t!), ( ' 

where a, b, c are distinct indices and i, j, k are distinct indices, in both cases in {!,..., n\. Then the local 2-connection 
(A, B) in ((3TJ and j33l is covariant under the action of the symmetric group fl9|| , if, and only if, for any distinct indices 
a,b,c e {1, . . . , n\ we have that: 

K a bc + Kbca + K ca t = 0, K bca = K bac , (40) 

and that for each permutation a e S„: 

to(a)o(b) = T ( ,f fl bT (T -i and K a ( a )a(b)a{c) = T a K a b c T a -i. (41) 

Morever, in this case the pair (A, B) is 2-flat if and only if, for any distinct indices a,b,c,d e [l,...,n\ we have: 

tad > (Kbac + Kbcd) + (tab + he + hd) > K ca d - (t ac + t c i) > Kf, a d = 
he > (Kbad + K ca d) ~ t a d > (Kdbc + Kflfcc) = 0. 

Let us give full details of the proof of the most important part of this theorem, which is that if equations l|37|l 
to 1(42)1 hold then condition ( f35t of Theorem[l8]and equation l(T9t are satisfied. 
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Proof. Concerning the S„ covariance, the first equation of lfl9t was already discussed. As for the second 
equation of l fT9)l , note that we can rewrite the 2-form B of d33l) as, by using ((40) and Arnold identity 



B= E 

Kbac COba A CO ac + Kibe CO a b A CObc (43) 

a<b<c 

= ^ -(Kcba + K acb ) OJba A CO ac - K acb ( CO bc A CO ca + CO C a A CO ab ) (44) 
a<b<c 

= ^ -K c ba OJba A COac ~ K„cb CObc A CO C a (45) 
a<b<c 

= ^ -Kacii A CO c b + K ca b COca A CO a b- (46) 
«<6<c 

Analogously: 

B - ^ jfC c (, a (U c j, A COba + Kbca CObc A CO ca - (47) 
a<fc<c 

Thus, summing l l43)l ,ll46ll and l l47t we have: 

^ — g y j ^ ^au(l)«o(2)«(7(3) CL '«ij(l)fl,j(2) A Wa o( 2)fl (3) 

= 3X3! E E ^ fl «(l) fl "(2) fl »(3) 6; fl«,(l)«c,(2) A ^fl^Bop) 

aita2,aita2,aita3 oeS^ 



Therefore for any permutation a' e S„ we have, by 

= ^ x 3| E E ^ n " (1)fl " (2)fl " (3) &,ff '( fl «(i)) ff '( fl »(2)) A ^'(a^Jo'fep))- 

ai#«2/«i#a2,«i^«3 oeS 3 

Whereas, by <(4lt : 

These last two clearly coincide. As for the 2-flatness, all equations of j35l l hold because of j42")l and the 
S„ -covariance, see Remark[20] □ 

Theorem l22l implies that, provided that the covariance properties ijiTjl hold, to define the pair (A, B) 
in l l3i"1l and j33l , with zero 2-curvature, one only needs to specify the chain map tvz = t e gl°(W) and the 
chain-homotopy (up to 2-fold homotopy) K123 = K e gl (W). Then obligatory we must have: 

to(l)o(2) = lotto- 1 ~ Ro- 1 ^)/ 
Kt(1)o(2)o(3) = To K Zg-i = Rq-1 (K); 

for any permutation a e S n . Therefore t and K must satisfy, for any a, a' e S„: 

T a t v = W- if ff (!) = cr'(l) and a(2) = a' (2); 
tJv. = vV> if tr(l) = a'(l),a(2) = o'(2) and a(3) = a' '(3); 

and also, in the crossed module gl(W): 

J 3(K) = {f 12 + f 13 ,f 2 3}. (50) 
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To ensure the 2-flatness and the S„-equivariance of (A, B), the following conditions are to be satisfied: 



tu > (-K213 + K234) + (*i2 + £23 + hi) > K314 - (£13 + £34) > K214 = 0, 
£23 > (K214 + ^314) _ £14 > (K423 + K123) = 0, 



(51) 



(53) 



plus: 

£l2 = £21 / ^123 + ^231 + ^312 = , X231 = X213 (52) 

and in addition, for any pair / triple of distinct indices a, b and i, j, k: 

t ij/ t ab = o, if{z,/'}nk&} = 0, 

tab >% = if \a,b\ n {i,j,k} = 0. 

The following lemma simplifying the conditions of Theorem|22]will be very useful later. 

Lemma 23. Let Wbea chain complex of vector spaces. Let nbea positive integer. Suppose we have an action ofS n on 
VJ by chain-complex isomorphisms. Consider a chain map t = t\2- W — > W and a chainhomotopy K = K123 e gl (W). 
Suppose j49l holds, and define t a b and K a bc by using (38). Then the pair {A, B) as in d3Tt and l l33l is a g\(V)-valued 
local 2-connection in the configuration space C(n), with zero 2-curvature 3-tensor, and covariant with respect to the 
action ofS n , see equations | [T9l l, if, and only if, equations iHOl l, | [5T1 l, | [52l and J53b are satisfied. 

Proof. The claim follows almost trivially from our discussion. Let us look at the conditions of Theorem 
l22l The second equation of | |3"7l l, the second part of | [39l l and JIT) are exactly equations J53b and <T48b - The 
remaining conditions follow from equations | |48l l, | |49l , f50l ), < f5Tb and | |52l l, by applying the right action 
a h> R a of S„ on gl(W) by differential crossed module morphisms to each side of l l49t , | |50|| , <f5T~|> and | |52|| , and 
considering the yielded set of equations for each a in S„ . □ 

3.2 Infinitesimal 2-Yang-Baxter operators in a differential crossed module 

In this subsection we actively use the results and notation of Sections |2.5.1| and |2.5.2| 

3.2.1 Insertion maps for a categorical representation 

Let © = (jS : I) — » g, >) be a differential crossed module. Consider its underlying (short) complex of vector 
spaces © = QS : ^ — > g). Given a positive integer k, define as being the degree-1 part of the tensor product 

HA — 

of © with it self fc-times. Define also U as being Vffl, modulo the boundary of the degree two part of © 8 ". 
Explicitly: 

= f)®g®g®---®g + cyclic permulations, 
and ffl® equal is to US ' modulo the relations: 

X! <8> ■ ■ • <8> X m ® f}(v) ® X m+ i ® • ■ ■ ® X m '_j ® i« ® X„,, +1 <g> • ■ • <8> X„ = 

Xi ® • • • ® X m <8> v ® X„,+i (8) • ■ • ® X„,'_i (8) jS(w) ® X m »+i ® ■ • • ® X)t (54) 

where all X,- live in g, and 0, tt; e I), furthermore 1 < m < m' < k. There exists an obvious map f}' : Uw — > g® ,: / 
which descends to the quotient ffl®, defined as being: 

jS' = + cyclic permulations. 

Clearly f>' is the first non-trivial boundary map of the tensor product of (/3 : i) —> g) with it self k times. In the 
notation of Section l2.5.2l we thus have that 



(®®*) 2 = 03': U w ^g^). 
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Let (V, d) be a chain-complex of vector spaces. Let gl(V) be the differential crossed module constructed 
in Section |221 Consider its underlying short complex of vector spaces gl(V) = (ji: gI : (V) — > g!°(V)j. Let 
p: © — > gl(V) be a categorical representation of ©. Suppose that we are given k distinct indices a,- in 
{!,..., n], describing therefore an injective map ip: {1, . . .,k] — > {1, . . . , n), with i i— > We define: 



as being: 



for each 



I k 



f,(l) 



® . . . ® p(u-) <g> . . . ® p(«f) ® . . . ®id 



(55) 



i=i 



E< 



Within | |55l l, in every summand we have inserted the p image of U r . in the af 1 factor of the tensor product as 
the only non trivial entries (the exact order in which the p(u r ) appear in the tensor product may not be the 
one indicated in | |5"5|| ). The definition of 

is entirely similar (we will frequently drop the indices in (p^ and (p l {Vj when they are obvious from the 

context). Then the pair ((p^..^ (pfl^) - defines a chain-map F p , : (® S,C ) 2 -> gl(V®"), in the notation of 
SectionEE! This map is the following composition, which proves that it is well defined: 



(®»«) 2 (gJCV) 55 ^ -A gl(V 8 ") . 
We thus have the following commutative diagram of vector space maps: 



t£. (0) 



jj(/c) « ^ gI X (V 5 ") , 

gI°(V®*) 

covariant with respect to the actions of the symmetric groups Sk and S„, see equations (|62) and 
3.2.2 Infinitesimal 2-K-matrices (free or with respect to a categorical representation) 



(56) 



(57) 



below. 



Let V be a chain complex. If a e S; c and if L is an homogeneous element in (V 8 *) 2 we denote 

L a (l)... a (k) - T<j(L) / 



where x is the projection of the standard action of S k on V® k to (V®*) 2 . If L = Zi X; ® Y, <8> Z, e (V® Jc ) 2 then: 
L123 = L , L 132 = X,- ® Z; <8> Y, , L 23 i = Z, ■ ® X, ® Y,-. 

i i 

Note that no minus signs need to be inserted here since all but possibly one of the elements X„ Y, and Z, 
have degree 0, for each i. 
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Definition 24 (Free infinitesimal 2-'R-matrix). Let © = (|3: I) — > g) be a differential crossed module. A free 
infinitesimal 2-%-matrix (or a free infinitesimal 2-Yang-Baxter operator) (r, P) in © is given by: 

1. A tensor r e g ® g, 

2. A tensor P e fi (3) , 



2. r u = r 21/ 

2. P123 + P231 + P312 = 0, 

3. P123 = Pl32/ 

4. j3'(P) = [ri2 + ri3,r 2 3], 

5. r M > (P213 + P234) + (ru + r 23 + r 24 ) > P314 - (^13 + ru) > P214 = 0, 

6. r 23 > (P214 + P314) - r u > (P423 + P123) = 0. 

—(4) 

The last two identities are to hold in U . 

(3) 

A word on notation: here if r = Xi ® y, e g ® g and P = Ui ® Vj ® W, e 11 then, for example: 



where in the second equation > may either mean the action of g on t) or the adjoint action of g on t). The 
second equation of | |58|| does descend to the quotient ll 4 . Indeed given u, v e \) we have d(u) ®v = u® d(v), 
and, on the other hand, if X e g, we have: 



It is also useful to deal with representations of the conditions which characterize an infinitesimal 2- 
fi matrix. For this reason we introduced insertion maps. Indeed, given a categorical representation 
p : © -> Q\(V) we have, in gl°(V ® V ® V): 



such that: 




(58) 



(X > d(u)) ® v = d(X > u) ® v = (X > u) ® d(v) . 



p® 3 ([fi2 + n 3 ,r 2 3]) = (p®p®p)[rn + ri3,r 2 3] 



= p(xd ® p([yi, Xj]) ® p(yj) + p(xi) ® p(xj) ® p([yi, yj]) 



= p(xi) ® [piyi), p(Xj)] ® p(yj) + p(xi) ® p(xj) ® |p(y,), p{yj)) 



(59) 



= {<pu(r) + (pi 3 (r),(p23(r)} . 



Also, ingl(V<8> V® V): 



P((pi23(K)) = <$>w(§'(K)) = 0i23([ri2 + r 13 , r 23 ]) 

= p® 3 ([ri2 + ri 3 ,r 23 ]) = {(pu(r) + <p\ 3 (r),§u(r)} • 



(60) 
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We can also see that, since p is a categorical representation, and where > is either the adjoint action of gl (V) 
on gI°(V) or the already defined action of gI°(V) on gI 1 (V): 

p^(ri4 > P213) = Yj ~p^{( x i > v i) ® u i ® w j ® y<) 

= Y pixi > Vj)®p(Uj) ®p(Wj) ® p( yi ) 

W (61) 

= <pu(r) >Cp23l(P) ■ 

Definition 25 (Infinitesimal 2-7?-matrix with respect to a representation). In the conditions of Definition\24\ 
let p: © — > gl(V) be a categorical representation of ©. Then (r,P) is said to be an infinitesimal 2-K-matrix (or 
infinitesimal 2-Yang-Baxter operator) in © with respect to p if conditions 1. to 6. of Definition\24\hold after applying 

p® k , where k can be, depending in the condition, 2, 3 or 4. 

Example 26. Let g be a Lie algebra. Let © = (id: g — » g,> ad ), where > ad is the adjoint action; this is a differential 
crossed module. In this case w"' = Q® n . Ifr e g ® g is symmetric and we put P = [r\2 + r^, r 23 \ e g ® g ® g then the 
pair (r,P) is a free infinitesimal 2-%-matrix. 

Below we will construct an infinitesimal 2-'R-matrix with respect to the adjoint categorical representation of 
the string Lie-2-algebra. 

Recall now Theorem|22]and Lemmal23l We now show that (representations of) infinitesimal 2-% matrices 
provide natural examples of chain maps and homotopies satisfying the conditions of Theorem [221 hence 
yielding 2-flat connections on C(«), covariant with respect to the action of S n . Let p: © — > gl(V) be a 
categorical representation of a differential crossed module. By l l56t and |(27jl we have, for each injective map 
ip : {1, . . . , k) — > {1, . . . , n] and each a e S^: 

F p {x a {L)) = F p (L) (62) 



since by l|23l , and given that p® k : (^ k ) 2 — > (gl(V) )2 is a chain-map of degree 0, it is 

p ®k T(j _ To p ®k _ 

Also, by Lemma [TTl we have, for each a e S„ and each L, 

= P%V)- (63) 

Lemma 27. Fix a positive integer n. Let Vbea chain-complex of vector spaces. Let S n act on V®" in the usual way, 
equation l|23l . Let © = (/3: I) — > g,>) be a differential crossed module and p: © — » gl(V) be a categorical representation 
of ©. Let (r,P) fee an infinitesimal 2-%-matrix in © a?if/z respect to p. If we define: 

t = t n = <pn(r) e gl°(V«") 
K = K 123 = cp 123 (P) e Ql\V®») 

then all conditions of Theorem\22\are satisfied, in the formulation ofLemma\23\ 

Proof. This essentially follows immediately from (|62), 11631 and Lemma [16] Explicitly, conditions d49b holds 
since if a e S„ is such that cr(l) = cj'(1), cr(2) = a'(2) and cr(3) = c'(3) then, putting (from now on until the end 
of the proof) = 1, ip(2) = 2, ip(3) = 3: 

T„KT ri = ToF P AP)T a -i = F l L(P) = F P a ,AP) = ^F P (P)T a ,-l = TjKTr-l, 
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and analogously if ff(l) = cr'(l) and cr(2) = a'{2): 

T a t T a -i = X a > t % a ,-\ . 

From <f48b and J63b we also have that, for distinct a,b,c e \l,...,n\, 

Kabc = <$>abc(P) and t ab = cp ab (r). 

From | |60|| and l(6l]l we thus obtain ( f50t and (51) . Conditions l l53"|l follow from Lemma [161 

All equations of (521 are proved in exactly the same way. For example, considering the permutations in 
S„ and S3 defined as do = id, o\ = (231) and 02 = (312), we have: 

K123 + ^231 + ^312 ± To KT a -i + T 0i Kt -i + Z^Kz^i 

= z ao F p f (P) W + x^P) V + T az F p f (P) W 
= F p ^z Ba (P))+F P ,(z ai (P)) + F P b (z a2 (P)) 

= -F^(Pl23 + P231 + Pill) = 0. 

□ 

As an immediate corollary we have one of the main results of this paper, also stated in |[23l for free 
infinitesimal 2-R matrices. 

Theorem 28. Consider a positive integern. Let © = (jS : t> — > $,>) be a differential crossed module. Let p: © — > gl(V) 
be a categorical representation of ©, where V is a chain-complex of vector spaces. Let (r, P) be an infinitesimal 2-%- 
matrix in © with respect to p. Then putting, for each distinct a, b, c e {1, . . ., n): 

U = (p„b(r) and K„ bc = (p abc (P), 
the condition of Theorem (22jl are satisfied. Therefore the pair (A, B): 

A= 00 "b (pab(r) 

^ (64) 

B= 2_, M bc <pabc(P) + COba A CO ac (pbac(P) 

l<a<b<c<n 

defines a 2-flat g\(V)-valued local 2-connection in the configuration space C(n), covariant under the action ofS n . 
These local 2-connections (A, B) are our proposal for a Knizhnik-Zamolodchikov 2-connection. 



4 An infinitesimal 2- Yang-Baxter operator in the String Lie-2-algebra 

4.1 Lie algebra cohomology, abelian extensions and differential crossed modules 

We recall a general construction of differential crossed modules that will be used in this section to provide 
an explicit presentation (due to Wagemann [48]) of the string Lie 2-algebra (discussed in the Introduction), 
or more precisely of its associated differential crossed module String. 

Recall that given a Lie algebra g with an action > on a vector space V, we have a cochain complex 
C*(g, V) = (C"(g, V), 5 V ), where C"(g, V) = hom(A"(g), V). For co : A" (g) -> V the differential reads: 

5 v (co)(X , ...,X n )=Y 4 (-1)% > (to (Xo, X„)) + £ {-Vf^co ([X„ Xy], X , . . . , X„ . . . , X ; , . . . , X„), 

0<i<n \<i<j<n 
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where as usual X, means omitting X,. 
An exact sequence of Lie algebras: 



0^y 3 ^e^g— ^0 (65) 

is said to be an abelian Lie algebra extension of g by V 3 if v(V 3 ) is abelian. Note that V3 has a natural 
g-module structure, described explicitly on v(V 3 ) by x > v(v) := [n (x), v(v)] for x e g, v e V 3 . It is very easy 
to check that such expression is well defined and that it does not depend on the choice of the pre-image of 
x. It is well known that abelian extensions are classified by the Lie algebra cohomology group H 2 (g, V 3 ). We 
sketch the correspondence; in one direction, take a e H 2 (g, V3) and define V 3 x a g as the vector space V 3 © g 
endowed with the Lie bracket 

[(v, x), (w, y)l := (x > w — y > v + a(x, y), [x, yfj , where v, w e V 3 , x, y e g . (66) 

Then set e = V 3 » a g in ^651 . In the opposite direction, take any section of n, i.e. a linear map a : Q — > e such 
that 7i o a - id g , and denote by a : g A g — > e the failure of a to be a Lie algebra morphism, namely, for x, y 6 g: 

a(x, y) := a{[x, y]) - [a(x), a(y)] . 

Since n o a - we know that a takes value in im (v) c e. This means there exists a unique a' : g A g — > V3 
such that v o a' = a. Such a' is a 2-cochain on g with values in V3, i.e. a' e C 2 (g, V 3 ). It is a standard result, 
which we nevertheless prove for completeness, that a' is a 2-cocycle. 

Lemma 29. The two cochain a' e C 2 (g, V 3 ) satisfies 5 V3 a' = 0, namely a' is a 2-cocycle on g with values in V3. 

Proof. Note that the g-module structure on V 3 (see discussion above) is defined on viy^) c e by an arbitrary 
section of a, which we now take to be a. Almost by definition v : V 3 — > im(v) is an injective g-module map. 
We show that v(5 V3 a') = 0: 

v(5 V3 a')(xi,x 2/ x 3 ) = 

= - va'{[x\, x 2 ], x 3 ) + va'([xi, x 3 ], x 2 ) - va'([x 2 , x 3 ], x\) + v{x\> a'(x 2 , x 3 ) - x 2 > a'(x\, x 3 ) + x 3 > a'(x 2 , x 3 ) ) 

= - a([x\, x 2 ], X3) + a([x\, x 3 ], x 2 ) - a([x 2 , x 3 ], x{) + x\> a(x 2 , x 3 ) - x 2 > a(x\, x 3 ) + x 3 > a(x 2 , x 3 ) 

= -[a([xt,xzl),a(x 3 )]+a([xt,X2],x 3 ) + [a([xi,x 3 ]),a(x 2 )] - a([xi,x 3 ],xz) + [a{[x 2 ,x 3 ]),a{xi)\ + a([x 2 , x 3 ], xx) + 

+ [a(xi), [a(x 2 ),a(x 3 )]]-a([x 2 ,x 3 ])] - [a(x 2 ), [a(xi),a(x 3 )]] - a([xi,x 3 ])] + [a(x 3 ), [a(x{),a{x 2 )\\ - a([x lr x 2 ])] 
= - [a([xi, x 2 \), a(x 3 )] + [a([xi, x 3 ]), a(x 2 )] - [a([x 2/ x 3 ]), a(xi)]fl([xi, x 2 ], x 3 ) - a([x lr x 3 ], x 2 ) + a([x 2 , x 3 ], xi) + 

+ [a{xi), [a{xi),a{x 3 )]] - [a(x 2 ), [a(xi),a(x 3 )]] + [a(x 3 ), [a(xi),fl(x 2 )]] - [a(xi),a([x 2 ,x 3 ])] + [a(x 2 ),fl([x 1 ,x 3 ])] + 

- [fl(x 3 ),fl([x 1 ,x 2 ])] = 

where in the last step we used twice the Jacobi identity. □ 

Note that there is no dependence on the choice of the section a: g — » e (i.e. different sections produce 
cohomologous cocycles). 

Next, consider a sequence of g-modules (when necessary thought as abelian Lie algebras): 

— » Vi -U V 2 -A V 3 . (67) 
This yields a short exact sequence of cochain complexes: 

— » C*(g, V x ) -A C'(g, V 2 ) -A C'(g, V 3 ) — > 0, (68) 
whose cohomology long exact sequence will have an important role below. 
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Consider a Lie algebra 2-cocycle a. Putting together the two sequences j65ll and l l67t , where the former 
is derived from a, thus e = V3 x a g, we get an exact sequence of e-modules: 

(69) 




where every g-module has been trivially extended to an e-module, by using the morphism n: t — > g. The 
following theorem shows that we have obtained a differential crossed module p. : V% — > e. It may be seen as a 
constructive example of Gerstenhaber correspondence [ 32 ] between weak equivalence classes of differential 
crossed modules (d: f) — > g, >•) and H 3 (coker((9), ker (d)). 

Theorem 30 (Wagemann). In the above setting, l(69l is a differential crossed module p. : Vz — > e. Jfs associated 
cohomology class in H 3 (g, Vi) is ffte image of the 2-cocycle defining the abelian Lie algebra extension < f65t under the 
connecting homomorphism in the long exact cohomology sequence associated to | [68] |. 

Proof. We give the most important steps of the proof, for more details see |48l Thm 3] and references therein. 
That p : V 2 — > e satisfies the axioms of a differential crossed modules it is a standard exercise that we leave 
to the reader. More interesting is the second claim about cohomology classes. 

To associate a cocycle y e H 3 (g, V\) to the differential crossed module p, : V2 — ► e we can proceed 
as follows. We already know how to associate to the abelian extension 0— >V3— >e— >g— > a 2- 
cocycle a' e H 2 (g, ^3). We go on by considering b : im (p) — > V2 a section of p, i.e. p o b = idi m ( p ); we 
then set ($(xi,X2) := b(a'{x\,X2)). Hence p(fi(xi,X2)) = a'{xi,Xz) and jS e C 2 (g, ^2)- We now show that 
p((6 y2 jS)(z 1/ x 2 ^3)) = 0. Indeed: 

p((5 v ^)( Xl ,x 2 ,x 3 )) = 

= p ( - j3([Xl, X 2 ], X3) + jS([xi, x 3 ], x 2 ) - j8([x 2 , X3], ^1) + X\ > f>(x 2 , x 3 ) - x 2 > jS(xi, X 3 ) + *3 ► iS(xi, x 2 )) 
= -a'([x\,X2],xz) + a'([xi,X3],x 2 ) - a'([x 2 ,X3],xi) + x\ > a'{x2,x 3 ) - x 2 > a'(x\,x 3 ) + x 3 > a' {x\,xz) 
= (d V3 a')(xi,x 2 ,x 3 ) = 0, 

where we used that p is a g-module map. This shows that b Vl fi takes value in im(i). We can further lift by 
considering c : i{V\) c V 2 — > Vi a section of i, and introducing y := c{d Vl f). So we have y e C 3 (g, V\), and 
= from 

i5 Vl y = 5 V2 (iy) = 5 V2 (icd v ^) = d V2 (d v ^) = 

where we denoted by the same symbol i the injective chain map i : C'(q,Vi) — > C*(g, V 2 ) induced from 
the sequence (|67t . We have therefore determined the cohomology class y e H 3 (g, Vi) associated to the 
differential crossed module. Of course one has further to show that the choice of different sections a', V or 
c' would lead to a y' such that [y'] = [y] in H 3 (g, V\). (The process we used to define a three dimensional 
cohomology class from p.: V 2 — > e generalises readily to any differential crossed module.) 

On the other hand, the image of a' under the connecting homomorphism 6 : H 2 (g, V3) — > H 3 (g, Vi) is 
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computed exactly in the same way we obtained y: 



C 2 (g,Vi) 

r =c(6 v 2fl) 

C 3 (g,Vi) 



C 2 (Q,V Z ) 

6 V 2fj 

c 3 (g,y 2 ) 



c 2 (g,y 3 ) 



6 V 3 



C 3 (g,V 3 ) 



so that indeed da' = c{b v *(b(a'))) = ye H 3 (g, V x ). a 
4.2 The string Lie 2-algebra 

In this section we apply Theorem [30] to a particular abelian extension of 5I2, recovering the differential 
crossed module associated to the string Lie 2-algebra as a particular instance of d69l l. As mentioned above, 
this construction is due to Wagemann l48l . 

We start by fixing the notation. Let ]N\ be the Lie algebra of vector fields in one variable x, with Lie 
bracket given by the commutator of vector fields: 

N 5 - «« 5] - (f 1 ~ % fa 5 - ~ r#» I ■ i ■ ** s 6W - 

where /' denotes the derivative of /. Identify sfe c Wi as the Lie subalgebra generated by 



1 dx ' 

so that commutation relations read 

[e ,e-x] = -e_i, 



e = x 



dx 



e i = x T 
ax 



[e_i,ei] = 2e , 



[e ,ei] = e\ . 



(70) 



The Car tan-killing form { , ) : SI2 ® 5I2 — » C is taken with the normalisation: (x, y) = -(1/2) Tr(ad A o ad v ) 
in terms of the adjoint representation adj-(y) = [x, y] for x,y e SI2. An orthonormal basis is given by the 
matrices 

' i \ / 1 \ / i 



si 



i 



S2 



-1 



S3 



-i 



satisfying (s,, s;) = 6;;, i, j = 1, 2, 3. The relation between the two basis of 5I2 is 

si = i (ex - e-i) , s 2 = ei+e-i, s 3 = 2ie - 



(71) 



(72) 



Let Fo be the space of polynomials in the variable x, and Fj the space of formal one-forms /(x)dx, where 
f(x) is polynomial. We consider Fo and Fi to be abelian Lie algebras, i.e. with the trivial Lie bracket. They 
are both W\ -modules via the Lie derivative: 

f{x) a\ > g(x) = ifg ' )(x) ' f{x) a\ > g(x)dx = W+f'g)(x)&c, V/(x) ^ e W lr g(x) e TP ,g(x)dx e Fj 

(73) 

hence they are sl2-modules as well, by restriction of the module structure. 

Consider the 2-cochain on sl 2 with values in Fj, a e C 2 (sl2, Fi), defined as, in the basis eo, e\) of sl 2 : 

a(eo,e\) = -a(e\,eo) = 2dx, and zero otherwise . (74) 
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It is a direct computation to verify that 5 ¥l a = and that [a] e Ff 2 (sl2,Fi) is a non trivial cohomology class. 
We denote Fi x a sl 2 the abelian extension of 5I2 by Fj associated to a. We recall from ll66t that Fi x a 5I2 is the 
vector space Fj © SI2 endowed with the Lie bracket 

[(fl,y), (b,z)\ := (y>b-z>a + a(y,z),[y,z]) r Va, b e Fi , y,z e sl 2 . (75) 

Note that every sl2-module F extends trivially to a Fi x a s^-module by setting 

(a,y)> f :-y> f , {a, y) e Fi x„ sl 2 ,/ e F. (76) 

In particular, we will be interested in the case F = Fq ; for that choice the invariant elements are the constant 
maps, / e Fo such that /' = 0. We now apply the general construction of the previous section to the abelian 
extension 

— > Fi Fi x a sl 2 sl 2 — » (77) 
together with the sequence of sl2-modules (restricting the W\ -module structure) 

O^C^Fo-^Fj^O (78) 

where p = d DR is the formal De Rham differential. The differential crossed module | |69|| in this example reads 
d : Fo — > Fi x a sl 2 and it is displayed inside the four-terms exact sequence 

— » C -U F Fi » a sl 2 sl 2 — » . (79) 

For the reader's convenience we repeat the relevant structures: the Lie bracket in Fi x a SI2 is given in | [75l , 
considering l(74|l . while in Fo is trivial. The Fi x„ 5l2-action on Fo it is of the type (f76b . extending the one of 
5I2. The maps d and n are explicitly d(f) = (v o d DR )(f) = (df, 0) and 71(0;, y) = y, for / e Fo , (co, y) e Fi x a sl 2 ; 
hence ker(<9) = C and coker(^) = SI2. 

From Theorem|30]we know that d : Fo — > Fi x rt sl 2 geometrically realises the 3-cocycle 5(a) e H 3 (sl2,C), 
where 6 is the connecting homomorphism in the long exact cohomology sequence associated to < f78t . We 
conclude that it is an explicit realisation of the string Lie 2-algebra by the following lemma of (481 . 

Lemma 31. The cocycle ba is proportional to the Cartan-Killing 3-cocycle S e H 3 (sI 2 ,C), explicitly given by 
S(x, y, z) = ([x, y], z) , V x, y, x e sl 2 . 

Froof. We compute both cocycles. Recall from the proof of Theorem [30] that 5a is obtained as 5a = c(d F °p"), 
with p(eo, e\) = 2x (and zero otherwise) being the simplest lift of a' to Fo. We evaluate the 3-cocycle d F °|S on 
(e_i,eo/£i) and the onlynon-zero contribution comes frome_i>|3(ei,eo) = e~i>2x = 2. Hence 5a' (e-i,eo,ei) - 2. 

On the other hand H(e_i,e /ei) = {[e-\,ea\,e\) = (e~i,ei). Passing to the orthonormal basis lO via d221> 
weget(l/4)(is! +s 2 ,isi -s 2 > = -(1/2). □ 

4.3 An infinitesimal 2-^-matrix in the string Lie-2-algebra 

In this Section we use the notation and nomenclature of Section \3~2\ Let g be a Lie algebra provided with a 
non-degenerate, symmetric bilinear form ( , ). Let {x,} be a basis of g and {y 1 } be the dual basis of g* identified 
with g by using ( , ). Then r = ® y,- e g ® g is symmetric and satisfies the 4-term relation [ri 2 + ri3, r 2 3] = 
in ('ZY(g))® 3 , where 'ZY(g) is the enveloping algebra of g, and is therefore an infinitesimal 7?-matrix in g; see 
the Introduction. 

We want to determine elements (r; F) in such a way that they define an infinitesimal 2-'R-matrix in the 
differential crossed module String = (d : Fo — > Fj x a sI 2/ >) associated to the string Lie 2-algebra. Our 
guiding principle in doing so is to use a lift of the infinitesimal 'R-matrix in sl 2 by the obvious section of 
n : Fi x a sl 2 — > sl 2 . In notation of Section l4!2l the element r e sl 2 ® sl 2 associated to the Cartan-Killing form 
on sl 2 is: 

r = 2 e_i ® ei + 2 e\ ® e-\ - 4 £q ® £0 ■ 
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Consider the section a : sl 2 — » Fi x« 5I2 defined as a(e,) := (0, e,). Denote by r the lift of r e sl 2 ® SI2 via a: 

7 = (a ® a)(r) = 2 (0, e x ) ® (0, e_i) + 2 (0, e_i) ® (0, d) - 4 (0, e ) ® (0, e ) e F a x„ sl 2 ® F a x a sl 2 . (80) 

Since a is not a Lie algebra map, 7 does not satisfy the 4- term relation Q}. The most obvious pre-image 
under d of the tensor [7i 2 + ^13, F23] e (Fi x a 5I2) ® (Fi x a SI2) ® (Fi x a sl 2 ) will suggest the element P. 

Proposition 32. T«e tensor [fj 2 + Fi3, F23] explicitly reads: 

1 

77 [fi2 + ri3,na] = (0,e_i) ® (0,e ) ® (dx,0) + (0,e_i) ® (ck,0) ® (0,e ) + 
16 

- (0, e ) ® (dx, 0) ® (0, e_x) - (0, e ) ® (0, e_i) ® (dx, 0) . (81) 

An element 

P 6 H (3) = ((F ® (Fi x a sl 2 ) ® (Fi x a sl 2 )) © ((Fi x £t sl 2 ) ® F ® (Fj x„ sl 2 )) © ((Fj x a sl 2 ) ® (Fj x £t sl 2 ) ® F ) 

smcm f/iai <9(P) = [F12 + F13, F23] is therefore 
1 

— P = (0, e-i) <8> (0, e ) ® x + (0, e_i) ® x ® (0, e ) - (0, e ) ® x ® (0, e_i) - (0, e ) ® (0, e-i) ® x . (82) 
16 

Proof. By direct computation: 

[F12 + Fi 3/ f 23 ] = [ 2 (0, ei) ® (0, e_i) ® 1 + 2 (0, e_ x ) ® (0, e x ) ® 1 - 4 (0, e ) ® (0, e ) ® 1 + 
+ 2 (0, e x ) ® 1 ® (0, e_i) + 2 (0, e_i) ® 1 ® (0, e x ) - 4 (0, e ) ® 1 ® (0, e ) , 
2 • 1 ® (0, ei) ® (0, e_i) + 2 • 1 ® (0, e_i) ® (0, e x ) - 4 • 1 ® (0, e ) ® (0, e )] = 
= 4 (0, ei) ® («(£_!,£?!), 2e ) ® (0, e_x) - 8 (0, e x ) ® (a(e_i, e ), e_i) ® (0, e ) + 
+ 4 (0, e_j) ® (a(ej, e_i), -2e ) ® (0, e x ) - 8 (0, e_i) ® (a(e l7 e ), ~e\) ® (0, e ) + 

- 8 (0, e ) ® (a(e , ei), ei) ® (0, e_i) - 8 (0, e ) ® (a(e , e_j), -e_j) ® (0, e x ) + 
+ 4 (0, ei) ® (0, e-i) ® (a(e_i, ei), 2e ) - 8 (0, e x ) ® (0, e ) ® (a(e_i, e ), e-i) + 

+ 4 (0, e-i) ® (0, ei) ® (a(e lr e.{), -2e Q ) ® -8 (0, e_i) ® (0, e Q ) ® (a(ei, e ), -d) + 

- 8 (0, e ) ® (0, ei) ® (a(e , e-i), -e-i) - 8 (0, e ) ® (0, e-i) ® (a(e Q , e Y ), e Y ) . 

Denoting with Li the i th term in the I th line, the following cancellations occur: 1.1 with 4.2, 1.2 with 4.1. We 
are left with 

8 (0, e_0 ® (0, e ) ® (2dx, 0) + 8 (0, e_0 ® (2dx, 0) ® (0, e ) - 8 (0, e ) ® (2dx, 0) ® (0, e_{) - 8 (0, e ) ® (0, e_0 ® (2dx, 0) , 
explicitly (2.1 + 5.2) + (2.2 + 5.1) + (3.1 + 5.1) + (3.2 + 6.2). The second claim is easily verified. □ 

To show that (7, P) is an infinitesimal 2-'R-matrix we have to prove the following relations, freely or 
evaluated in some categorical representation of the string Lie 2-algebra, see Definitions l24l and l25l 

(i) 7i2 = hi, 

(ii) P123 + P231 + P312 = 0, 

(iii) P123 = P132, 

(iv) F 14 > (P213 + P234) + (h2 + h3 + hi) > P314 - (h3 + f3i) > P 214 = 0, 

(v) F 23 > (P214 + P314) - hi > (P423 + ^123) = 0- 

The relations (i), (ii) and (iii) are easily verified. We prove by direct computation, in a lengthy but straight- 
forward way, relation (iv), which only holds in the adjoint representation of the string Lie-2-algebra, in 
Section |4.3.11 and relation (v), which holds freely in the string Lie 2-algebra, in Section |4.3.2| The final result 
is stated in Theorem |34| the reader who is not interested in the explicit check of the above relations can 
directly go there without loosing any substantial information. 
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4.3.1 Relation (iv) 



A word on notation: to distinguish between the unital elements of Fo (i.e. the constant function of value 
1) and the identity in the enveloping algebra ^(Fi x a 5I2), from now on we will denote the former as lp , 
writing simply 1 for the latter. 

We compute one term at a time, starting with j^fu > (P 213 + P234) which explicitly is 

(2 (0,ei) ® 1 ® 1 ® (0,e_i) + 2 (0,e_i) ® 1 ® 1 ® (0,ei) - 4(0,e ) ® 1 ® 1 ® (0,e ))> 

((0,e Q )®(0,e_i)®x®l + x®(0,e_ 1 )®(0,eo)®l-x®(0,eo)®(0 / e-i)®l - (0,e_i) ® (0,e ) ® x® 1 + 

+ 1 ® (0, e-i) ® (0, e ) ® x + 1 ® (0, e_i) ® x ® (0, e ) - 1 ® (0, e ) ® x ® (0, e_i) - 1 ® (0, e ) ® (0, e_i) ® x) . 

The computations are done in the following order: in the first two lines we write the first term of ?u acting 
on P213, in the third and fourth line we write the second term of ?u acting on P213, then the fifth and sixth 
line refer to the third term of ?u acting on P213; finally the same order is used for fu acting on P234, giving 
12 lines in total: 

2 {a{ei, e ), ® (0, e_i) ® x ® (0, e_i) + 2 e\ > x ® (0, e_ x ) ® (0, e ) ® (0, e_i) + 

- 2 ei > x ® (0, e ) ® (0, e_i) ® (0, e_i) - 2 (a(e X/ e_i), -2 e ) ® (0, e ) ® x ® (0, e_i) + 
+ 2 (a(e_i, e ), e_j) ® (0, e_i) ® x ® (0, ej) + 2 e_i > x ® (0, e_i) ® (0, e ) ® (0, ei) + 

- 2 e_i > x ® (0, e ) ® (0, e-i) ® (0, ej) + 

- 4 e > x ® (0, e_i) ® (0, e ) ® (0, e ) + 4 e > x ® (0, e ) ® (0, e_i) ® (0, e ) + 
+ 4 (a(e , e^), -e_i) ® (0, e ) ® x ® (0, e ) + 

+ 2 (0, ei) ® (0, e_i) ® (0, e ) ® e_j > x + 2 (0, e\) ® (0, e_i) ® x ® (a(e_i, e ), e-i) + 

- 2 (0, e x ) ® (0, e ) ® (0, e_j) ® e_j > x + 

+ 2 (0, e_j) ® (0, e-i) ® (0, e ) ® £i > x + 2 (0, e_j) ® (0, e_j) ® x ® (a(e l7 e ), -e x ) + 

- 2 (0, e_i) ® (0, e ) ® x(a(ei, e_i), -2e ) - 2 (0, e_i) ® (0, e ) ® (0, e_j) ® e a > x+ 

- 4 (0, e ) ® (0, e_i) ® (0, e ) ® e > x + 4 (0, e ) ® (0, e ) ® x ® (a(e , fi-i), -e_i) + 
+ 4 (0, e ) ® (0, e ) ® (0, e_i) ® e > ^ • 

We next evaluate the cocycle a and the action of e, on x. We denote as before l.i the I th term in the I th line; 
then 2.2 cancels with 11.2, and 6.1 with 10.1. We can also sum 1.1 with 7.2 and 3.1 with 9.2. We get: 

- 4 (dx, 0) ® (0, e-i) ® x ® (0, e_j) + 2 x 2 ® (0, e_i) ® (0, e ) ® (0, e_j) + 

- 2 x 2 ® (0, e ) ® (0, ® (0, e_0 - 4 (0, e-0 ® (0, e_0 ® x ® (dx, 0) + 

+ 2 • l Fo ® (0, e-i) ® (0, e ) ® (0, e a ) - 2 ■ l Fo ® (0, e ) ® (0, e_ x ) ® (0, d) + 

- 4 x ® (0, ® (0, e ) ® (0, e ) + 4 x ® (0, e ) ® (0, e_i) ® (0, e ) + 

+ 2 (0, ei) ® (0, e_j) ® (0, e ) ® l Fo - 2 (0, e x ) ® (0, e ) ® (0, e_0 ® l Fo + 
+ 2 (0, e_i) ® (0, e_i) ® (0, e ) ® x 2 - 2 (0, e_i) ® (0, e ) ® (0, ® x 2 + 

- 4 (0, e ) ® (0, e_i) ® (0, e ) ® x + 4 (0, e ) ® (0, e ) ® (0, e_i) ® x . 

We refer to these terms as the term of type I; so the first term will be denoted as 1.1, the second as 1.2 etc. 
We proceed now with rz(fi2 + ?23 + ^24) > ^314- Using the explicit expressions for 7 and P this is written as 

(2 (0,ei) ® (0,e_i) ® 1 ® 1 + 2 (0,e_i) ® (0,e x ) ® 1 ® 1 -4 (0,e ) ® (0,e ) ® 1 ® 1 + 
+ 2®(0,ei)®(0,e_i)®l + 2 ® (0,e_i) ® (0,^) ® 1 - 4® (0,e ) ® (0,e ) ® 1 + 
+ 2 ® (0,ei) ® 1 ® (0,e_i) + 2 ® (0,e_i) ® 1 ® (0,ei) - 4 ® (0,e ) ® 1 ® (0,e ))> 

((0, e ) ® 1 ® (0, e_i) ® x + x ® 1 ® (0, ® (0, e ) - x ® 1 ® (0, e ) ® (0, e-i) - (0, e_i) ® 1 ® (0, e ) ® x) . 
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We compute the terms using the same order as before: the first two lines refer to the action of the first term 
of r\2, then the second (resp. third) term of f-a acting on P314 gives the third and fourth (resp. fifth and sixth) 
lines, the seventh and eight line refer to the action of the first term of T23 and so on: 

2 (a(e x , e ), -e x ) ® (0, e_i) ® (0, e_i) ® x + 2 e x > X ® (0, e_i) ® (0, e_i) ® (0, e ) + 

- 2 ex > x ® (0, e_i) ® (0, e ) ® (0, e_i) - 2 (a(e lr e_i), -2e ) ® (0, e_i) ® (0, e Q )®x + 
+ 2(a(e_i,e ),e_i) ® ei ®e- X ® x + 2e_i >x® (0,ei) ® (0,e_i) ® (0,e ) + 

- 2 e_i > x ® (0, ei) ® (0, e ) ® (0, e_i) + 

- 4 e > x ® (0, e ) ® (0, e-i) ® (0, e ) + 4 e > * ® (0, e ) ® (0, e ) ® (0, e_i) + 
+ 4 (a(e , e-i), -e-i) ® (0, e ) ® (0, e ) ® x + 

- 2 x ® (0, ei) ® (a(e_i, e )/ e_i) ® (0, e_i) - 2, (0, e_i) ® (0, ej) ® (a(e_i, e Q ), e_i) ® x + 

+ 2 (0, e ) ® (0, e_i) ® (a(e x , e_i), -2e ) ® x + 2 x ® (0, e_i) ® (a(ei, e_i), -2e ) ® (0, e ) + 

- 2 x ® (0, e_i) ® (a(ei, e ), -e_i) ® (0, e_i) - 2 (0, e_i) ® (0, e_i) ® (a(ei, e ), -ei) ® x, + 

- 4 (0, e ) ® (0, e ) ® (a(e , £-i), -e_i) ® x - 4 x ® (0, e ) ® (a(e , e_j), -e_i) ® (0, e ) + 
+ 2 (0, e ) ® (0, ei) ® (0, e_i) ® e_i > x + 2 x ® (0, e x ) ® (0, e_i) ® (a(e_i, e ), e_i) + 

- 2 (0, e_i) ® (0, ej) ® (0, e ) ® e_i > x + 

+ 2 (0, e ) ® (0, e_i) ® (0, e_i) ® ei > x + 2 x ® (0, e_i) ® (0, e_i) ® (a(ei, e ), -ei) + 

- 2 x ® (0, e_i) ® (0, e ) ® (a(ei, e-i), -2e ) - 2 (0, e_i) ® (0, e_i) ® (0, e ) ® ei > x + 

- 4 (0, e ) ® (0, e ) ® (0, e_i) ® e > x + 4 x ® (0, e ) ® (0, e ) ® (a(e / e-i), -e_i) + 
+ 4 (0, e_i) ® (0, e ) ® (0, e ) ® e > x . 

Again we evaluate the cocycle a and the action of e; on x. After that there are several cancellations; in the 
usual notation these are: 2.2 with 8.1, 3.1 with 7.2, 5.1 with 10.2, 5.2 with 15.2, 6.1 with 16.1, 7.1 with 11.2, 
8.2 with 14.1 and 10.1 with 15.1. Hence we get: 

- 2 (2dx, e x ) ® (0, e-i) ® (0, e_j) ® x + 2 x 2 ® (0, e_i) ® (0, e_i) ® (0, e ) + 

- 2 x 2 ® (0, e_i) ® (0, cb) ® (0, e-i) + 2 • l Fo ® (0, ei) ® (0, e_i) ® (0, e ) + 

- 2 ■ l Fo ® (0, e x ) ® (0, e ) ® (0, e_i) + 2 x ® (0, e_i) ® (2dx, e x ) ® (0, e-i) + 
+ 2 (0, e-i) ® (0, e-0 ® (2dx, e x )®x + 2 (0, e ) ® (0, e x ) ® (0, e_i) ® l Fo + 

- 2 (0, e_i) ® (0, ei) ® (0, e ) ® l Fo + 2 (0, e ) ® (0, e_i) ® (0, e_i) ® x 2 + 

- 2 x ® (0, e-i) ® (0, e_i) ® (2dx, e a ) - 2 (0, e_i) ® (0, e- X ) ® (0, e ) ® x 2 . 

We denote these terms as the terms of type II, and refer to them as II. 1, II.2 etc. 
We finally compute j^(h3 + ^34) > Piu- The explicit form is: 

(2(0,ei) ® 1 ® (0,e_i) ® 1 +2(0,e_i) ® 1 ® (0,e x ) ® 1 - 4(0,e ) ® 1 ® (0,e ) ® 1 + 

+ 2 ® 1 ® (0, e x ) ® (0, e_i) + 2 ® 1 ® (0, e_i) ® (0, ex) - 4 ® 1 ® (0, e ) ® (0, e )) > 
((0, e ) ® (0, e_i) ® 1 ® x + x ® (0, e_i) ® 1 ® (0, e ) - x ® (0, e ) ® 1 ® (0, e_i) - (0, e_i) ® (0, e ) ® 1 ® x) . 

With the usual order of computation (first two lines given by the first term of fi3 acting on P2U, seventh and 
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eight line given by the first term of acting on P214 ect.), we have: 



2 (a(ei, e ), -e\) ® (0, e_i) ® (0, e_i) ® x + 2 e\ > x ® (0, e_i) ® (0, e_i) ® (0, eo) + 

- 2 e! > x ® (0, e ) ® (0, e-i) ® (0, e_i) - 2 (a(ei, e_i), -2e ) ® (0, e ) ® (0, e. 1 )®x + 
+ 2 (a(e-i, e ), ® (0, e_i) ® (0, e\) ® x + 2 e_i > x ® (0, e_i) ® (0, ej) ® (0, e ) + 

- 2 e_i > x ® (0, e ) ® (0, e x ) ® (0, e_i) + 

- 4 e > x <g> (0, e_j) <g> (0, e ) ® (0, e ) + 4 e > x ® (0, e ) ® (0, e ) ® (0, e_i) + 
+ 4 (a(e , e_i), -e_i) ® (0, e ) ® (0, e ) ® x + 

+ 2 (0, e ) ® (0, £-1) ® (0, ei) ® e_i > x + 2 x ® (0, e_i) ® (0, ei) ® (a(e_i, e ), e-i) + 

- 2 (0, e_i) ® (0, e ) ® (0, e x ) ® e_i > x + 

+ 2 (0, eo) ® (0, e-\) ® (0, e-\) ® e\ > x + 2x ® (0, e_i) ® (0, e_i) ® (a(ei, e ), -ei) + 

- 2 x ® (0, e ) ® (0, e_j) ® (a{e x , e-\), -2e ) - 2 (0, <g> (0, e ) ® (0, e_i) ® e x > x + 

- 4 (0, e ) ® (0, e-i) ® (0, e ) ® eo > * + 4 x ® (0, e ) ® (0, e ) ® («(eo, e-i), -e_i) + 
+ 4 (0, e_i) <g> (0, e ) ® (0, eo) ® e > x . 

We evaluate the cocycle a and the action of e, on x. We have cancellations of 5.2 with 11.2 and of 6.1 with 
12.1. We then get: 

- 2 (2dx, ex) ® (0, ej) ® (0, e_0 ® x + 2 x 2 ® (0, e_0 ® (0, e_i) <g> (0, e ) + 

- 2 x 2 ® (0, e ) ® (0, e_i) ® (0, e_i) + 4 (0, e ) ® (0, e ) ® (0, e_i) ® x + 

+ 2 (0, e_i) ® (0, e_i) ® (0, e a ) ® x + 2 • l Fo ® (0, e_ x ) ® (0, ej) <g> (0, e ) + 

- 2 • l Fo ® (0, e ) ® (0, ei) (8 (0, e_j) - 4 x ® (0, e_i) ® (0, e ) ® (0, e ) + 
+ 2 (0, e ) ® (0, e_i) ® (0, ej) ® l Fo + 2 x ® (0, e_i) ® (0, e x ) ® (0, e_i) + 

- 2 (0, e_i) ® (0, e ) ® (0, ej) ® l Fo + 2 (0, e ) ® (0, e_i) ® (0, e_i) ® x 2 + 

- 2 x <g> (0, e_i) ® (0, e_i) ® (2dx, ej) + 4 x ® (0, e ) ® (0, e_i) ® (0, e ) + 

- 2 (0, e_i) ® (0, e ) ® (0, e_i) ® x 2 - 4 (0, e ) ® (0, e_i) ® (0, e ) ® ^ ■ 

We denote these terms as the terms of type III, and refer to them as III.l, III. 2 etc. 

We can now sum everything together, i.e. terms of type I plus terms of plus II minus terms of type III. 
We have the following cancellations: 

1.2 with II.3 ; 1.3 with III.3 ; 1.7 with III.8 ; 1.8 with 111.14 ; 

1.11 with 11.12 ; 1.12 with 111.15 ; 1.13 with 111.16 ; 1.14 with III.4 ; 
H.1 with III.l ; n.2 with III.2 ; 11.10 with UL12 ; 11.11 with HL13 . 

Among what is left, we compute II. 6 - III. 10 to be 

4 x ® (0, e_i) ® (dx, 0) ® (0, e_i) 
and this cancel with 1.1 in fl^ 4) by ((54). Similarly, we compute II. 7 - III. 5 to be 

4 (0, e_i) ® (0, e_i) ® (dx, 0) ® x 
which cancels with 1.4, again in S' 4 '. The remaining terms are conveniently assembled into two groups as 
1.5 + 1.6 + II.4 + H.5 - III.6 - III.7 ; 1.9 + 1.10 + II.8 + II.9 - III.9 - III.ll . 
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(83) 



If we write these terms explicitly following the same order we see that: 

— (fu > (P213 + P23i) + (h2 + f23 + hi) > ^314 - (^13 + ^34) > f 214) = 

1 X 16 v 7 

= l Fo ® (0, e_i) ® (0, c ) ® (0, ex) - 1 F „ ® (0, e ) ® (0, e_ x ) ® (0, e a ) + 

+ l Fo ® (0, ei) ® (0, e-x) ® (0, e ) - l Fo ® (0, e x ) ® (0, e ) ® (0, e-x) + 

- l Fo ® (0, ® (0, ei) ® (0, e ) + l Fo ® (0, e ) ® (0, e x ) ® (0, e_i) + 
+ (0, d) ® (0, e-x) ® (0, e ) ® 1f„ - (0, ei) ® (0, e ) ® (0, e_i) ® l Fo + 
+ (0, eo) ® (0, ei) ® (0, e_i) ® l Fo - (0, e-x) ® (0, ei) ® (0, e ) ® l Fo + 

- (0, eo) ® (0, e_i) ® (0, d) ® l Fo + (0, e-x) ® (0, e ) ® (0, ei) ® l Fo . 

These terms, which possess a manifest symmetry, do not vanish in general. For our purposes, see Theorem 
l34l it is however sufficient that they do vanish in the adjoint categorical representation of String. Using that 
z > l Fo = for any z € 5I2, see 1(731 , this is what we get. 

Lemma 33. The image of the right-hand-side of d83t via the insertion maps in the adjoint representation of the 
differential crossed module String associated to the string Lie 2-algebra is zero. 

Proof. The statement is easily verified once we recall the explicit expression of the insertion maps for a 
categorical representation (see Section l3.2.1l and in particular ((55)) and of the map p - p 1 in the case of the 
adjoint categorical representation, see ll2"T1 l. Indeed l Fo , appearing in d83l either in the first or in the fourth 
factor of the tensor product, is 5I2- (hence Fi » a sl2)-invariant. □ 

4.3.2 Relation (v) 

We now concentrate on relation (v), which we recall is: 

?23 > (P214 + P314) - hi > CP423 + P123) = . 
Again we compute one term at time. We start with ^23 > (P 214 + P314)/ which explicitly is 

(2 ® (0, e\) ® (0, e-x) ® 1 + 2 ® (0, e-x) ® (0, ex) ® 1 - 4 ® (0, e ) ® (0, e ) ® l) > 

((0, e ) ® (0, e-x) ® 1 ® x + x ® (0, e-x) ® 1 ® (0, e ) - x ® (0, e ) ® 1 ® (0, e_ x ) - (0, e-x) ® (0, e ) ® 1 ® x + 
+ (0,e ) ® 1 ® (0,e_i) ® x + x ® 1 ® (0,e_i) ® (0,e ) - x® (0,e ) ® 1 ® (0,e_i) - (0,e_i) ® 1 ® (0,e ) ® x) . 

We follow the usual order for computations, acting first with each factor of ^23 on each factor of P214, and 
then on P314. We directly evaluate the action of the cocycle a. We get: 

2 (0, e ) ® (0, -2e ) ® (0, e-x) ® x + 2 x ® (0, -2e ) ® (0, e_i) ® (0, e ) + 

- 2 x <g> (-2dx, -ei) ® (0, e-x) ® (0, e_i) - 2 (0, e_i) ® (-2dx, -ex) ® (0, e_i) ® x + 

- 2 x ® (0, e_i) ® (0, ex) ® (0, e_i) - 2 (0, e_i) ® (0, e_i) ® (0, ei) ® x + 

- 4 (0, e ) ® (0, -e-0 ® (0, e ) ® x - 4 x ® (0, -e-x) ® (0, e ) ® (0, e ) + 

- 2 x <g> (0, ei) ® (0, e-x) ® (0, e_i) - 2 (0, e_i) ® (0, ei) ® (0, e-x) ® x + 

+ 2 (0, e ) ® (0, e-x) ® (0, -2e ) ® x + 2 x ® (0, e_i) ® (0, -2e ) ® (0, e ) + 

- 2 x <g> (0, e_j) ® (-2dx, ej) ® (0, e_i) - 2 (0, e_!) ® (0, e_!) ® (-2dx, -e r ) ® x + 

- 4 (0, e ) ® (0, e ) ® (0, -e-x) ® x - 4 x ® (0, e ) ® (0, -e_i) ® (0, e ) . 

We have the following cancellations: 1.1 with 8.1, 1.2 with 8.2, 4.1 with 6.1 and 4.2 with 6.2. The remaining 
contribution is 

4 x ® (dx, 0) ® (0, e-x) ® (0, e_i) + 4 (0, e_i) ® (dx, 0) ® (0, e_j) ® x + 
4 x ® (0, e_i) ® (dx, 0) ® (0, e-x) + 4 (0, e_i) ® (0, e_i) ® (dx, 0) ® x 
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where the four terms come respectively from the summation of 2.1 with 5.1, 2.2 with 5.2, 3.1 with 7.1 and 
3.2 with 7.2. We denote them terms of type I. 

We go ahead by computing j^Pu > (P423 + Pi23)- This explicitly is 

(2 (0,ei)®l®l®(0,e-i) + 2(0,e- 1 )®l®l®(0,e 1 )-4(0,e )®l®l®(0,eo))> 

(l ® (0, e ) ® x <8> (0, e_i) + 1 ® x ® (0, e ) ® (0, - 1 ® x ® (0, ® (0, e ) - 1 ® (0, ® x ® (0, e ) + 
+ (0, e_i) ® (0, e ) ® * ® 1 + (0, e-i) ® x ® (0, e ) ® 1 - (0, e Q ) ® x ® (0, ® 1 - (0, e ) ® (0, ® x ® l) . 
We follow the usual order for computing the various terms, evaluating the action of the cocycle a. We get: 

- 2 (0, ej) ® x ® (0, e_i) ® (0, e_i) - 2 (0, ei) ® (0, e_i) ® x ® (0, e_i) + 

+ 2 (0, e_i) ® (0, e ) ® x ® (0, -2e ) + 2 (0, e_i) ® x ® (0, e ) ® (0, -2e ) + 

- 2 (0, e-i) ® x ® (0, e_i) ® (-2dx, - 2 (0, e_i) ® (0, e_i) ® x ® (-2dx, -ej) + 

- 4 (0, e ) ® (0, e ) ® x ® (0, -e_i) - 4 (0, e ) ® x ® (0, e ) ® (0, -e_i) + 

+ 2 (0, -2e ) ® (0, e ) ® x ® (0, e_i) + 2 (-2dx, -ej) ® (0, e_i) ® x ® (0, + 

- 2 (0, e_i) ® x ® (0, e_i) ® (0, ej) - 2 (0, ® (0, e_i) ® x ® (0, £1) + 

- 4 (0, -e_i) ® (0, e ) ® * ® (0, e ) - 4 (0, -e_i) ® x ® (0, e ) ® (0, eo) • 

We have the following cancellations: 2.1 with 8.1, 2.2 with 8.2, 4.1 with 5.1 and 4.2 with 5.2. We are left with 

4 (dx, 0) ® x ® (0, e_i) ® (0, e_i) + 4 (dx, 0) ® (0, e_i) ® x ® (0, e_i) + 
+ 4 (0, e_i) ® x ® (0, e_i) ® (dx, 0) + 4 (0, e_i) ® (0, e_i) ® x ® (dx, 0) 

where the four terms come respectively from the sum of 1.1 with 6.1, 1.2 with 6.2, 3.1 with 7.1 and 3.2 with 
7.2. These are denoted terms of type II. 

We can now sum the two contributions, i.e. terms of type I minus terms of type II. This amounts to 
consider 

4 x ® (dx, 0) ® (0, e_i) ® (0, e_i) + 4 (0, e_i) ® (dx, 0) ® (0, e_i) ® x + 
+ 4 x ® (0, e-0 ® (dx, 0) ® (0, e_i) + 4 (0, e_i) ® (0, e_i) ® (dx, 0) ® x + 

- 4 (dx, 0) ® x ® (0, e_i) ® (0, e_i) + 4 (dx, 0) ® (0, e_i) ® x ® (0, e_i) + 

- 4 (0, e_i) ® x ® (0, e_i) ® (dx, 0) + 4 (0, e_i) ® (0, e_i) ® x ® (dx, 0) 

where we can recognize four pairs of terms, each one being equal to zero in W™, by (54): 1.1 with 3.1, 1.2 
with 4.1, 2.1 with 3.2 and 2.2 with 4.2. Hence relation (v) is always satisfied. 

We proved the following Theorem, which is the main result of the paper. 

Theorem 34. Consider the differential crossed module String = (d : Fo — * Fj x a %h, >) associated to the string Lie 
2-algebra, embedded in the exact sequence: 

— » C -U F Fi x a sl 2 -A sl 2 — > 0. 

We denote by {e-\,e§,e\\ the standard basis 0/5X2, satisfying JTOt , and by x the formal variable in Fo. T/ien f/ze 
following elements r e (Fi x tt 5I2) ® (Fi x a 5I2) fl«d P 6 U®: 

r = 2 (0, e x ) ® (0, + 2 (0, e_ a ) ® (0, e x ) - 4 (0, e ) ® (0, e ) 

P = 16 ((0, ® (0, e ) ® * + (0, e-i) ® x ® (0, e ) - (0, e ) ® x ® (0, e_i) - (0, e ) ® (0, e_i) ® x) . 

define an infinitesimal 2-%-matrix with respect to the adjoint categorical representation of String and moreover 
(71 ® Ti)(r) = r, where re 5I2 ® 5I2 is the standard infinitesimal Yang-Baxter operator in SI2, derived from the 
Car tan-Killing form. 
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